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The effect of a change of gauge on the propagators is studied systematically for quantum electrodynamics.
Various gauges are considered, among them the Coulomb, the Landau, the Feynman, and the Yennie gauges.
The equivalence of the various formulations of the theory is demonstrated. For the relativistic gauges, the
transformation of the wave function renormalization constant is described.

1. INTRODUCTION

HE propagators of quantum electrodynamics are
affected by ambiguities because the theory is in-
variant under gauge transformations. In this note we
shall investigate systematically this ambiguity of the
unrenormalized propagators and shall give the connec-
tion between the various gauges.

We use the Heisenberg equations of motion in the
Coulomb gauge. In this gauge the longitudinal part of
the magnetic vector potential is a ¢ number. The rela-
tivistic covariance of this formulation of the theory
(briefly discussed in Appendix B) has been known for a
long time. It is also known that the relativistic S-matrix
theory of Feynman can be derived directly in the
Coulomb gauge. In this note we show how the propaga-
tors in other gauges (including the relativistic ones) are
connected to those in the Coulomb gauge. 1t is therefore
clear that the Heisenberg equations in the Coulomb
gauge provide a complete basis for quantum electro-
dynamics. The present formulation has the desirable
feature that only physical states are considered, no
supplementary condition, and no indefinite product in
Hilbert space are necessary.!

* This work was supported in part by the U. S. Atomic Energy
Commission and in part by the Office of Naval Research. A pre-
liminary account of it was given in the Bull. Am. Phys. Soc. Ser.
11, 4, 280 (1959).

t Permanent address: Physics Department, New York Univer-
sity, New York, New York.

I'The Coulomb gauge has been used recently by Schwinger and
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The study of the gauge transformation of the propa-
gators becomes particularly simple and elegant if one
employs the method of functional derivatives. This
method, which has been largely used by Schwinger,?
makes use of a generating functional (which we call Z)
from which all propagators can be obtained by func-
tional differentiation. The gauge ambiguity of the propa-
gators will be shown here to arise from the gauge
ambiguity in the functional Z itself. In previous work
this ambiguity has been ignored to a large extent, with
a consequent lack of clarity concerning the meaning of
the operations to be performed, as for instance the
differentiations with respect to the external sources.

The Heisenberg equations in the Coulomb gauge
depend upon a ¢-number gauge function A. As shown in
Sec. 2, a change in the gauge function induces a gauge
transformation in the generating functional Z, We call
a quantity gauge-invariant if it is invariant with respect
to this c-number gauge transformation. In Sec. 3 we
derive the functional differential equations satisfied by
Z and extend the definition to more general gauges,
characterized by an operator four-vector a,. A suitable
choice of a, gives the Coulomb gauge in any Lorentz
frame. Another choice of a, gives a relativistic gauge in
Johnson (Kenneth Johnson, Massachusetts Institute of Tech-
nology, private communication, 1959). They have arrived inde-
pendently at several of the results described in the present note.

2 J. Schwinger, Proc. Natl. Acad. Sci. U, S. 37, 452 (1951). For
a more detailed discussion see, e.g., K. Symanzik, Z. Naturforsch.

9a, 809 (1954) and E. S. Fradkin, Doklady Akad. Nauk S.S.S.R.
98, 47 (1954) and 100, 897 (1955).

Copyright © 1960 by the American Institute of Physics.
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which the zero order photon propagator has the form
D= [glw_ (6,,6,/82)]Dc_

This gauge was widely used by Landau,® and we shall
call it the Landau gauge. It is very convenient for the
study of ultraviolet divergences. In Sec. 4 we proceed
to a further generalization, introducing gauges depend-
ing in addition upon a function M. If we start from the
Landau gauge D,,, we can obtain in this fashion all
gauges where the zero-order photon propagator has the
form*
Dy+98.9,M.

In particular, for M=48"2D,, one can cancel the 4,9,
term and obtain the ordinary Feynman form of the
photon propagator. For M=38"2D. one obtains a
gauge used by Fried and Yennie.® They have used it for
the study of infrared divergences. Our general gauge is
now characterized by the c-number gauge function A
plus a, and M. Quantities invariant with respect to
changes in A are automatically invariant for changes of
a, and M. Therefore, these more general gauge transfor-
mations do not correspond to new invariance properties
of the theory. Rather they allow to establish a connec-
tion between different existing formulations of it.

The effect of changes in the function M (within the
class of relativistic gauges) on the wave function re-
normalization constant Z, has been studied in particular
by Johnson and the present author.® They have given
an exact transformation formula for Z,. By using it, one
can easily verify that Z; (to order ¢2) has no ultraviolet
divergence in the Landau gauge and no infrared diver-
gence in the Yennie gauge.

2. GENERATING FUNCTIONAL IN
THE COULOMB GAUGE

We recall here first the equations for the Heisenberg
operators of quantum electrodynamics in the Coulomb
gauge,

The Hamiltonian is

3= f axT,,

Too=1(E2+HH)—j-A

®

with

1 —1 174 1
] *’_ ) -1 *) - *7 ) 2
+2[¢ . v¢]+2[2v¢ a¢]+2[¢ pmp],  (2)

3L. D. Landau, A. A. Abrikosov, and I. M. Khalatnikov,
Doklady Akad. Nauk S.S.S.R. 95, 773 (1954).

¢ The M transformation has been given first by L. D. Landau
and I. M. Khalatnikov, J. Exptl. Theoret. Phys. (U.S.S.R.) 29, 89
(1955); English translation in Soviet Phys.JETP 2, 69 (1956).
Their derivation, however, is based on an operator gauge trans-
formation, the validity of which appears rather questionable.

5 H. M. Fried and D. R. Yennie, Phys. Rev. 112, 1391 (1958).

¢ K. Johnson and B. Zumino, Phys. Rev. Letters 3, 351 (1959).

and the commutation relations are

[ET" (X), AB(XI)J=1:(6TJ— VrVaV_Z)a(X—X,) 3)
and
{¢.* (%), (X))} = 65,0 (x—X), “4)
while other commutators vanish. Here we have’
E = E”_ V¢) (5)
¢ = V—Zp’ (6)
divEt =0, (N
e . €
p= 5['/'*;‘[/] , )= 5[’1’*;“‘1’]7 (8)
H=curlA, 9
and
A=A VA, (10)

Since the longitudinal part of A commutes with all other
operators, A(X,) can be taken as an arbitrary ¢ number.

The foregoing Hamiltonian and commutation rela-
tions give rise to the correct equations of motion,

i(8/dtW= (mB—ia-V—ea- A+ (e/2D{ey}, (11)
(8/8t)Etr=curlH—j*, (12)
(8/0)Atr= —Et, (13)

so that
E=—(3/a)A"—V¢. (14)
If we set
°=¢—AdA/dt, (15)
we can write
E=—(a/3t)A—vA4°. (16)

The set of equations presented in the foregoing is
invariant under the c-number gauge transformation,

A(x,8) — A(x,t)+A(x,0)
A—A+VA
A°— A°— (3/at)k
¥ — ¢ expiel.

(17

The choice A=0 would fix the gauge (transverse Cou-
lomb gauge). However, it is convenient to leave the
gauge function arbitrary and to use the gauge trans-
formation to define those operators that are gauge-
invariant.

The operator condition (7) is consistent with the
commutation relation (3). It is known that the formula-
tion of quantum electrodynamics given above is rela-
tivistically covariant, in spite of the apparent asym-
metry between space and time variables. The covariance

is proven directly in Appendix B. An alternative proof

7 The transverse part of a vector D is of course defined by

D#=D-vv-divD.
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results from the investigation carried out in Sec. 3 of
the covariance of the equations for the propagators.
We consider now the generating functional®

)

1
Xexpa f dxJ V27, (18)

Za[na, .= <0 T expi f dx(y+im+J,.4%)

All vacuum expectation values of time-ordered products
of Heisenberg operators can be constructed from Z by
functional differentiation. Actually the form (18) is
somewhat redundant, since A° is given through Egs. (6)
and (15) in terms of the spinor field. One could set Jo=0
and work with the resulting functional. The form we
have chosen, however, is more convenient for the
investigation of transformatién properties. We wish to
emphasize here that it is not assumed that the various
components of J, satisfy a continuity equation like

3,J*=0. (19)

The complete arbitrariness is necessary in order to
operate on Z with functional derivatives. Only after all
functional differentiations have been performed will one
require that J, satisfies Eq. (19) (or even that it
vanishes) and also, of course, that

(20)

The gauge ambiguity of Z and of the propagators is in
fact connected with the necessity of extending (in an
arbitrary way) the definition of Z to unphysical values
of J, not satisfying Eq. (19). This fact can be illustrated
by exhibiting the dependence of Z upon the gauge func-
tion A. It follows immediately from Eq. (17) that

ZA[")F’:JM]=Z0D7 exp(_ieA)) 7 €Xp ('I’GA)’ JM]

n=7=0.

X expie f Ju0*Adx. (21)

where the right-hand side refers to the value A=0. This
relation can be cast into the differential form,

8z P
igr (8“],.+en———e1‘1—)Z. (22)

0

3. FUNCTIONAL EQUATIONS AND THEIR
TRANSFORMATION PROPERTIES

By using the definition (18), the equations for the
Heisenberg operators and the commutation relations,

8 In order to avoid formal difficulties in connection with the use
of the anticommuting spinor sources 7 and 7, it is best not to
interpret the bar as a relation of hermitian conjugation between
7 and %. Rather, one should consider 7(x) and 7(x) as independent
anticommuting symbols and carry out all the formal operations
from this point of view. In the final expression one always sets
7=%=0, or more correctly, one takes that part of the expression
which is independent of 7 and of 7.

one can show that the generating functional satisfies
the functional differential equations:

N a1 6 19 \ N
{3 ( “EEI_)‘_B)\;;S__]';)-*-(% +a,0")
16 138
X ie——'yx-———fx)}z=0, (23)
i1y 167
19 146
l[‘v"(an—ie—~— +m]—~—n]z=o, (24)
i6J ]
{ 16[ (6-{—'1 ) + '}Z 0, (25)
iol T\ m]n_’(

19
(al‘-: 7+ A)Z=O. (26)

z0

Equation (25) follows from the (Pauli) adjoint of
Eq. (11). The source terms J», 9, and % arise from the
time differentiation of the time-ordered products.

The operator vector a,, introduced here at first for the
sake of concise notation, is defined by

AQr=— Vrv_—2 (27)

in the Lorentz frame chosen to define the Coulomb
gauge. The form of the equations suggests, however,
that we consider more generally operator vectors a,
(operating on.functions of the four-dimensional vari-
able x) satisfying

a,=0,

dkg,=—1.

(28)

A suitable choice for @, will give, in particular, the
Coulomb gauge in any Lorentz frame.? Another choice
of interest is the limit as ¢ tends to zero of

0u= 3, (—8*—ie) L.

(29)

The different choices of a, give rise to different func-
tionals Z, which are not related simply by changes in the
gauge function A, and yet give rise to physically equiva-
lent formulations of the theory. As shown in Eq. (31)
below, a change da, of a, which preserves Eq. (28)

9*(8a,) =0, (30)

can be considered as a generalized type of gauge trans-
formation, and the various choices of a, as various
possible gauges. The gauge given by Eq. (29) will be
called the Landau gauge. Let us notice that the condi-
tion (28) is required for the consistency of the functional
Eq. (23), as one can see by operating on this equation
with 9.

From our present more general point of view, the

9 A covariant expression for a, corresponding to the Coulomb
gauge in the Lorentz frame characterized by the unit time-like

vector », is
Ayt (n-9)

P+ -0y
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Egs. (23) to (26) are obviously convariant, since we
chose to treat a, as a four vector. However, one must
now investigate how the solution changes with an
infinitesimal change da, in a,. We show in the following
that the corresponding change in Z can be written as

& &
8Z=1 f (ba,)— —Z.
8J, BA

Clearly, if a functional © constructed from Z by func-
tional differentiation is gauge invariant in the sense that
it does not change when one changes the gauge function
A, then we have

(31)

30/6A=0. (32)

From Eq. (31) one then sees that such a functional also
does not change in correspondence to a change éa, of a,.
We proceed now to prove our basic Eq. (31) by show-
ing that the functional differential equations satisfied
by Z remain invariant if one performs simultaneous
changes of a, and of Z. An alternative proof proceeds
directly from the explicit expression for Z and is
sketched in Appendix A. The invariance of Egs. (24)
and (25) is trivial, since they do not contain J, or A.
The invariance of Eq. (26) is also easily verified. To
check the invariance of Eq. (23), one needs a simple
identity satisfied by any solution of the functional
equations. If one applies —§/i6n to Eq. (24) and
—38/18% to Eq. (25) and subtracts, one obtains®

{M[— (8/3dm)ya(8/167)]
—n(8/i6n)+%(8/i68)} Z=0. (33)

Therefore, from Eq. (22), the terms containing g, and
Juin Eq. (23) can be written as

—ia,(8Z/5A)—J .Z.

The invariance of Eq. (23) is now easily verified.

The basic transformation formula (31) allows one, at
least in principle, to transform all propagators from one
gauge a, to another. The transformation is particularly
simple in the case n=%=0. If one remembers Eq. (22),
one has, in this case,

(34)

5L= f 8°7 ,(5a,) (/8T ,)L, (35)
where we have defined
L[]M]=Z[O!0)Jﬂ]' (36)
One should observe here that we have
(027, (8a,)(8/87,)]=0 (37)

as a consequence of Eq. (30). Therefore, the operation
to be performed on L is a pure substitution,

L'lJ,]=L[J)], (38)

10 For n=#=0, Eq. (33) gives the conservation of the vacuum
currents,

with

T =T+ (58,) M. (39)

We have indicated with a prime the functional in the
new gauge. The transformation (38), (39) is correct for
finite changes g, also. The functionals in the two gauges
coincide when Eq. (19) is satisfied.

The change induced in

1196
Gy=—-—1L (40)
L zoJ#

is a simple gauge transformation. Indicating only the
dependence on J,, one has
@[V o]= @7, ]+ 9. (3a*) ar[J P’ (41)

Similarly, one obtains for the exact photon propagator

3@, 8@,
gnr == [} (42)
oJ+ 8J
the relation
9»‘»,[] 1=[8,>+0.(8a) J[6,°+9, (50")]9’\9[] 1. (43)

The relations (41) and (43) are of course also valid for
finite gauge transformations. An obvious simplification
occurs when Eq. (19) is satisfied.

When differentiations with respect to 4 or % occur, it
does not seem possible to obtain formulas of simplicity
comparable to the above. Thus, for the exact electron
propagator

Glrs) —-i 8z
Y)=—— O
Y77 onl)ene)

one obtains from Egs. (21) or (22), after setting =%=0,

(44)

LiGa(x,y)= exp[ie(A (x)—A(y)

+i f J,.a»A]LoGo(x,y), (45)
or

8

iM ® [LG(x)]

=[047(2) —ed(x—z)+ed(y—2) JLG(x,y).
Finally, from Eq. (31), we obtain

L'G'Txy; Tu(2)]
=LG[x,y; Ju/ (2)— (8a4) (ed(x—2)—ed(y—2)) ], (47)

where J,/ is given by Eq. (39). This formula, which was
given first by Schwinger and Johnson,! shows clearly
what an intricate connection exists between the electron
propagators in two different gauges of the type con-
sidered here. In particular, set J,=0; one sees that to
obtain G’ it is necessary to know G for nonvanishing

(46)
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values of the current equal to
Tul2)=—e(3a,)[8(x—32)—8(y—3)].
Notice however that, because of Eq. (30), one has
3+T,(z)=0. (49)

4. TRANSITION TO MORE GENERAL GAUGES

In the preceding section, we have considered the
generating functional and the propagators in the various
gauges specified by different choices of A and of a,.
More general types of gauges can also be considered. Of
particular interest are changes of the basic functional

given by
1 0 8
6z=" f f Z(om)—2,
2 SA oA

where 6M (x—y) is an arbitrary infinitesimal function
even in x—y. The generating functional can be con-
sidered now as dependent upon a new (even) function
M (x—y) in such a way that the infinitesimal change M
induces in Z the change given by Eq. (50). The explicit
expression for Z as a function of A, a,, and 3 is given in
Appendix A.

Clearly a functional © which is invariant under the
original ¢-number gauge transformations (17), and
which therefore satisfies Eq. (32), will also not be
affected by the change (50).

We can easily deduce the effect of the change (50) on
the first few propagators. First, setting 9=%=0, we see
from Eq. (22) that

i
L=~ f f 37 ,(3M)0°J L,

or, in finite form

L’[J,,]-—-cxp[—; f f am<aM)a»J,]L. (52)

(48)

(50)

(51)

From this it follows that

a/L1=alrl+o, [ @nes, (Y
and
Sml = glﬂ’+a#a" (5M ) . (54)
Similarly, for the electron propagator, we obtain
1 ) é
se)=- | [—em—ue, 3
2 oA SA

and, using Egs. (46) and (52), the result in finite form,
G'(x,3; J)

= exp{ e[ oM (x—y)— M (0)]
+ief[8M (x—~2)— M (y—~2)10°J ,(2)dz

XG(x,y;J). (56)

For J=0, of course, we have
G'(x,y; 0)=exp{ie?[8M (x—y) — 8M (0) G (x,y; 0). (57)

Finally, Eq. (56) can be used to obtain the change in
the propagator

Cu(w,y; 2)=[8/87(z) )G (x,3; ], (58)

which is closely related to the vertex part. Setting J,=0
after the differentiation, one has

Cy (x,y; 2) = exp{ie?[3M (x—y)— M (0) ]}

d
X{Cu(x,y; 2) —ieG(x,y);—[&M(x— 2)—8M (y—2)]1.
Pl
(59)

As seen in Eq. (54), the gauge transformations con-
sidered in this section permit us to operate the transition
from what we have called in the “Introduction” the
Landau form of the photon propagator to the Feynman
and the Yennie forms. To achieve this, one has only to
chose

OM =~ (—8*—ie)26(x—y), (60)

with a suitable constant v. Since the choice (60) for
8M gives rise to a rather singular function, a regulariza-
tion procedure is necessary before evaluating conse-
quences of the gauge transformation. This has been done
by Johnson and Zumino.® From the transformation
formula, they have deduced information about the
infrared structure of the electron propagator.

If the function §M has a reasonable Fourier transform
and vanishes at large distances in coordinate space, one
can use Eq. (57) to give the change induced in the wave
function renormalization const Z, by going from one
relativistic gauge to another. It is sufficient to remember
that, in a relativistic gauge, Z, can be defined from

G@—y)=ZyGm(x—) (61)

for large coordinate separation. Here G, is the zero-
order Feynman propagator for a Dirac particle of mass
m. On comparing with Eq. (57), we obtain

Zy =exp{—eM(0)}Z,. (62)
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APPENDIX A: EXPLICIT FORM OF THE
GENERATING FUNCTIONAL

The physically interesting solution of the functional
Egs. (23) to (26) can be obtained by following methods
that were developed first without giving particular
consideration to questions of gauge invariance? We
shall exhibit here the solution, so as to see its explicit
dependence on the gauge.
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Consider the electron propagator in an external
field B,,

G[By; x,y]={v*(du—ieB,)+m—ie} 6 (x—y). (A1)

The vacuum polarization (closed loops) resulting from
the external field can be expressed by the functional

F[B,J=exp{—Tr log(G[B](G[0])™)}, (A2)

where we have used an obvious notation of multiplica-
tion for integral kernels, and the symbol T7 means the
trace taken with respect to space time as well as spinor
indices. Notice that

G[Bu+ 9,4, x:y]
=exp{ie[A(x)—A(») BG[B,; x,y], (A3)

and therefore

F[B,+3,A1=F[B,]. (A4)

It can also be verified, by direct evaluation, that

5 15 16
——e-—y*~— ){exp[inG(B,)n]F (B,)}=0. (AS)
3B, idn i

The generating functional considered in the text is
now given, in its dependence upon A, a,, and M, by

Z(n,i,J =exp(inG[8/i6] ) F[ /187 ,]
)
X exp[;(] vt a,9°T,) D (Jr+arde],)
1
—ia»J,A—Ea»J,,Mam], (A6)

where D, is the Feynman function;
D(x—y)=(—0"—ie) "0(x—y). (A7)

The expression (A6) satisfies Egs. (23) to (25). It does
not satisfy Eq. (26) unless one sets M =0. On the other
hand, the dependence on M in Eq. (A6) clearly agrees
with Eq. (50).

We indicate now briefly how one can verify that the
explicit formula given actually satisfies the functional
equations, without however going into the question of
the boundary conditions that ensure the uniqueness of
the solution. The only equation that is not trivially
satisfied is Eq. (23). If we operate with

1346 146
aX( i Oy —
R VANV L
on the last exponential in Eq. (A6) we obtain, after
simplifications involving the use of Eq. (28), a factor
(Juta.02T,). (A9)

The terms containing A and M give no contribution.
Now one must pass the factor to the left of the terms in
Eq. (A6) which contain the functional derivatives

(A8)

5/18J . If one uses Eq. (AS5), one sees that the net effect
is to replace J, with

‘1 6 1346
Jn—zef_'YnT_’
18n 167

(A10)

so that Eq. (23) obtains.

By using the explicit form (A6), one can prove again
the formulas given in the text for the various changes
of gauge. The basic tools are now the relations

F[l 5] J JpF[l 5]
—_— aP =ap —_——
PEYH I i8J,
and

i
G[f — x,y]anf,xz)

1 6J,

=[0°7,(z)—ed(x—2)+ed(y—3)]

(A11)

15
XG[———-;x,y], (A12)
idJ

I

which are immediate consequences of (A3) and (A4).
The expression for L[J,] is obtained directly from
Eq. (A6) by setting n=%=0. The expression for the
electron propagator (44) is then given by the equation

19
106071 =6| - i JUs). (a19)

1 0Jy

In this form the evaluation of changes induced by a
change in the function M becomes particularly simple.

APPENDIX B: COVARIANCE OF THE
OPERATOR FORMALISM

The covariance of the equations for the Heisenberg
operators in the Coulomb gauge can be proven by
exhibiting the ten fundamental generators of infini-
tesimal Lorentz transformations P, and M, and by
verifying that they satisfy the correct structure rela-
tions. Since the covariance of the operator equations
under space-time translations and space rotations is
obvious, we shall restrict ourselves to a very brief dis-
cussion for the case of actual Lorentz transformations.

The corresponding generators are given by

Morzxopr+feroodx, (Bl)

where T, is the component of the energy-momentum
tensor given in Eq. (2). The form (B1) is obtained by
analogy from the classical theory. The change induced
by an infinitesimal Lorentz transformation in any
operator £ is given by

d¢=i[FenM»,£], (B2)
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where the antisymmetric infinitesimal tensor e,, char-
acterizes the Lorentz transformation in question.

The changes induced in the basic operators A and y
are easily obtained. It can be shown from the commuta-
tion relations (3) and (4) that

":I:Mor,A l]= - (xoar_xraa)A l+6rlAa+alBr (BS)
and
1

TTM or 1= — (200, — 2,0 Y — bart : W83, (BY

where

B,=V,V2%(x,E,)—x,V,V2E,, (BS)
Equations (B3) and (B4) show that, in going to a new
Lorentz frame, not only do 4, and ¢ transform like a
four-vector and a spinor, respectively, but that they
also undergo an operator gauge transformation which
reestablishes the Coulomb gauge in the new Lorentz
frame. It is easy to verify that the operator gauge
transformation leaves invariant symmetrized expres-
sions like (8), so that the current and charge densities,
for instance, transform like a four vector. It is worth
noticing that the symmetrization, necessary for charge

conjugation invariance, also appears necessary to ensure
the relativistic covariance of the theory. One can give a
more convenient form to the gauge operator B, in which
the transverse and the longitudinal parts of the electric
field are separated. We give only the result

B, =V2E"— 3%,V 20—V 2(xrp)]. (B6)

One can now proceed to verify the structure relations,
the expression for the space components M,, and for P,
being well known. This will not be done here. A simpler
check on the covariance of the theory is the direct
substitution of the transformed quantities obtained
from Egs. (B3) and (B4) into the differential equations.
Obviously, only the invariance of the Dirac equation
under the gauge part of Eq. (B4) requires detailed
examination, since the Lorentz covariance of the un-
quantized theory is well known. Both procedures result
in proving the covariance.l!

11t has been pointed out by Schwinger that the analogous

covariance test fails if an anomalous Pauli moment is introduced
into the theory. Schwinger has also shown how the covariance of

- the theory can be saved by the further introduction of a term

describing the self-interaction of the magnetic moment density.
The author would like to thank Dr. Glashow for an illuminating
correspondence on this question of covariance.
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Dimensional Changes in Crystals Caused by Dislocations
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According to the classical linear elasticity theory, if one or more dislocations are introduced into a body
of elastic material, the average value of each of the infinitesimal strain components is zero; in particular, the
change in volume is zero. This result seems not to be in accord with experimental data on cold worked
metals. In this paper we use nonlinear elasticity theory to show how changes in the average dimensions of
elastic bodies, either isotropic or anisotropic, resulting from the introduction of dislocations, can be calcu-
lated. In particular, we derive an explicit relation between the resultant change in volume, the stored
energy, and the pressure derivatives of the elastic moduli.

1. INTRODUCTION

CCORDING to classical elasticity theory, if one

or more dislocations are introduced into a body
of elastic material, the average value of each of the
infinitesimal strain components in a rectangular Car-
tesian coordinate system is zero. It follows that the
change of volume is zero; that in a prism of the material
the change of cross-sectional area and the average
change of length are zero; that in a rectangular block
the average changes in the dimensions parallel to the
edges are zero. These results do not, of course, prove
that the changes are in fact zero physically. They
merely imply that the classical elasticity theory pro-
vides an inadequate basis for their calculation.

In the present paper we make use of the second-order
elasticity theory to show how changes in the average
dimensions of elastic bodies, either isotropic or aniso-
tropic, caused by the introduction of dislocations, can
be calculated when the displacement gradients produced
by the dislocations are sufficiently small.

It is first shown in Sec. 2 that the average value of
each of the stress components, in a rectangular Car-
tesian coordinate system, is zero. This result is then
used, within the framework of the second-order theory,
to obtain an expression for the average value of each of
the infinitesimal strain components as the average value
of an expression of second degree in the displacement
gradients, which are associated with the dislocations in
the body according to the classical theory. From these
results, the dimensional changes can in principle be
calculated in a number of cases. In Appendices 1 and 2,

F16. 1.
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it is shown how these formulas may be specialized when
the material considered has some particular symmetry,
by illustrations from the isotropic case and from the case
of cubic symmetry of the hextetrahedral, gyroidal, and
hexoctahedral classes.

In Sec. 6 we considered the particular problem of the
change in volume, resulting from the introduction of dis-
locations, of a cubic crystal of one of these classes. The
formula derived can be easily specialized to the case
when the material is isotropic and the result obtained is
in agreement with that which Zener! obtained by a very
different procedure.

Finally, in Sec. 7 we have employed our result for the
cubic case to make certain qualitative predictions re-
garding the effect of dislocations on the volume of

crystals of silver, gold, and copper.

2, AVERAGE STRESS

Consider an elastic body which in the undeformed
state has the form shown schematically in Fig. 1. Let
Ry denote the region of space occupied by this body and
let So denote the complete boundary of Ro. Let the body
be deformed in such a way that certain portions of Sy
are brought into contact with each other and bonded
together as shown in Fig. 2, the external forces required
to bring the surfaces together then being removed. The
body is then in a state of deformation without external
forces acting on it.

Let R denote the region occupied by the deformed
body. Let .S denote the external surface of the deformed

Fie. 2.

1C. Zener, Trans. Am. Inst. Mining Met. Engrs. 147, 361
(1942).
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body and let ¢ denote the bonded surfaces in the de-
formed body, which we may call the dislocation surfaces.
Then, the displacement and stress fields have dis-
continuities on ¢, while the stress vector acting on ¢ is
continuous across.o.

Let ¢#;; denote the stress components in a rectangular
Cartesian coordinate system x at a point x; of the de-
formed body. Since no external forces act on the body,
we have*

dt;/9dx;=0 throughout R, (2.1)
and
(2.2)

where #; denotes the unit normal to S at the point
considered.

Let #;© and #;'® be the limiting values of the stress
t;; at a point of the dislocation surface o as we approach
it from its two sides, which we may call sides 1 and 2.
Then, since the stress vector is continuous on o,

;i P —1;V)n;=0 on o,

t;im;=0 on S,

(2.3)

where #; is the unit vector to ¢ drawn in the sense from
2 to 1 (say).

We note that, if dV is an element of volume of the
deformed body R and dS and do are elements of area
of the surfaces S and o, using the divergence theorem
and the relations (2.2) and (2.3), we have

ad
f -——(xkt,‘j)dV = xkt,-m,dS
R

X5 8
+f xk(ti,-(”—t,-,-(‘))n,da=0. (24)

We thus have, with (2.1),

oty;
f (t,.k+xk——’)dv= f dV=0.  (2.5)
R ax; R

Equation (2.5) expresses the following theorem: the
average value of each of the siress components in a rec-
tangular Cartesian coordinate system in a body, which is
held in equilibrium without external forces being applied,
1s zero.

We note that in deriving this result no assumption is
made regarding the magnitude of the deformation, nor
does the elastic nature of the material of the body enter
explicitly.

3. SOME BASIC RESULTS IN SECOND-ORDER
ELASTICITY THEORY

We consider a deformation of an elastic material, in
which a generic particle initially at X;in the rectangular
Cartesian coordinate system x moves to x; in the same

* Here and throughout this paper, lower case Latin indices take

the values 1, 2, 3 and the summation convention is applicable to
them.

coordinate system. If u; are the components of the dis-
placement for the particle, then

xi=Xt+u;. (3.1)

The stored elastic energy W per unit of deformed
volume, or strain-energy function, then depends on the
displacement gradients #; ;, and we shall assume that
this dependence is polynomial. We use the notation ;
to denote partial differentiation with respect to the
coordinate X ;. The components of stress ¢;; are given by

1 ow

b= ————Xj . (3.2
" lox/ox| T Buin

If @V and dV denote corresponding elements of volume

in the deformed and undeformed states, we have

dV/dV=|8x/0X|. (3.3)

From (3.2), (3.3), and (2.5), we see that if a body of
elastic material is held in a deformed state, without

external forces, by the introduction of dislocations,
thent

aw
f |82/ 0X |t:dV o= f i aVe=0. (3.4

Uik
W may be expressed in the form,

W=Wi+WtWs+---, (3.5)

where Wy, Ws, W3, - - - are homogeneous polynomials of
the first, second, third, --- degrees in the displacement
gradients. It can be shown that if the stress components
are zero when the displacement gradients are zero,
W1=0. Then, if the displacement gradients are suffi-
ciently small, W=W, provides a first approxima-
tion to the strain-energy function (that of classical
elasticity theory) and W=W,+W; provides a second
approximation.

If we take W=W,, we are neglecting in W terms of
higher degree than the second in the displacement
gradients. From (3.2) it is seen that this implies the
neglect, in the expressions for the stress components, of
terms of higher degree than the first in the displace-
ment gradients. With this approximation, we obtain
from (3.4),

f (8W s/ 0us ) AV =0, (3.6)

If we take W =W+ W3, we are neglecting in W terms
of higher degree than the third in the displacement
gradients. This implies the neglect, in the expressions
for the stress components, of terms of higher degree than
the second in the displacement gradients. With this

1 Here and subsequently integrals with respect to Vy are con-
sidered to be evaluated over the domain Ro.
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approximation, we obtain from (3.4),
W, W, oW,
e
(mf,,-

+-——]dVo=0. (3.7)
4. THE GENERAL ANISOTROPIC CASE

Uj,k

ik 8u,~,,~

The strain-energy function W cannot have arbitrary
dependence on the displacement gradients, but must
depend on them through the components E;; of the
finite strain tensor defined by

(4.1)

Ej=5(xx, xx, j— 83;) = et asj
where

(4.2)

e;; are the components of infinitesimal strain of the
classical linear elasticity theory, and it is noted that
e;; and a;; are homogeneous of first and second degrees,
respectively, in the displacement gradients.

By taking W to be a polynomial in the components
E,;, we may write

W=G;jszi,'Ekz‘{‘bijklmnEiJ'EklEmn+ Tty (43)

where @ and byjkims are constants. From (3.5), (4.1),
and (4.3), we obtain

;=% (i +u;,:) and  ag=Fu, M, j.

(4.4)

W= aijriesier,
and

W s=bijkimnii€rimnt @isri€ioritencss).  (4.5)

It is easily seen that in (4.4) we may, without loss of
generality, take @ to be unaltered by permutation of
zand j, of kand !/ and of 45 and &L Also, in (4.5), we may
take bijkima to be unaltered by permutation of ¢ and j,
of kand /, of m and n, and of 75, k/ and mn. We may then
write (4.4) as

W o= aujutei, st 1, (4.6)
and (4.5) as

Wi= bijklmneijeklemn',' Zaijklei;akl
= bijktmnui, Wk, 1Um, n+aijkluz', Um, kUm, 1.

4.7
By introducing (4.4) into (3.6), we obtain

a,'jszekdeo=O. (48)

By bearing in mind the symmetry of ex; and of axi, we
see that (4.8) represents six simultaneous equations in
the six independent quantities /"¢xidVo. From these we

readily obtain
fe;,ld Vo =0,

Equations (4.8) and (4.9) are, of course, valid with the
approximation that terms of second and higher degrees
in the displacement gradients are neglected; i.e., they
are valid within the framework of classical elasticity
theory.

(4.9)

RIVLIN

We obtain a second approximation to / e.dV, from
(4.6), (4.7), and (3.7). This yields

28ijmn f emnd@Vo=—2 f (@ikmnthi kF Gitmnthi, k) Um,nBV o
— Qijmn f Uk, mk,nGV 0
—3bsjkimn f Uk, Wm,ndVo. (4.10)

This provides six independent equations for the deter-
mination of the six quantities ./ em.dVo. These can be
calculated in the following manner. Let us denote the
pairs of subscripts 11, 22, 33, 23 or 32, 31 or 13, 12 or
21by 1,2, 3,4,5, 6, respectively. We define the elastic
compliances .5 (@, 8=1,2, -+, 6) by

254888y= 50,7. (4.11)

We therefore have

feadVo=23apd§7fe7dVo,

where 2ag, f/ ¢4dV is given by (4.10). This expression
can be used to calculate the average values of the
changes in the dimensions of the material due to the
introduction of dislocations. For example, suppose the
body considered has the shape of a prism with its length
parallel to the 1 axis. Then, if 4o is the initial cross-
sectional area of the prism, the average change in
length is

(4.12)

1 2
ZfeudVo=Ios1pag.yfe-deo, (4.13)

203y ¢,dV o being given by (4.10).

It follows immediately from the result given in
Appendix 3 that the total change in volume V~—V,
undergone by the body as a result of the introduction of
dislocations is given by

1
V—Vo= f ekdeO"“E f [(wr, )2 —thp, 140,13V, (4.14)

with the neglect only of terms of higher degree than the
second in the displacement gradients. Again, we may
substitute from (4.12) and (4.10) for S ex:dV to obtain
an expression for the change in volume which is of the
second degree in the displacement gradients.

Each of the expressions obtained from (4.12), (4.13),
and (4.14) by substituting for g,/ €,dV ¢ from (4.10) is
of the second degree in the displacement gradients
resulting from the introduction of the dislocations
according to the second-order elasticity theory for the

1 Repetition of a Greek subscript indicates summation over the
values 1, 2, ---, 6 for the subscript. This convention will be
employed only in the present section.
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material. However, to the order of approximation in-
volved in the calculations, we may replace them by
those calculated from the first-order theory for the
material, and it is in this sense that we shall under-
stand them.

5. EFFECT OF STRAIN ON THE
ELASTIC MODULI

In the expression (3.2) for the stress components we
take
W = W2+ W3,

where W, and W; are homogeneous polynomials of the
second and third degrees respectively in the displace-
ment gradients. Then, neglecting terms of higher degree
than the second in the displacement gradients, we obtain
W, oW, W,

tij= (l—ur,r)—'_"l'uj,k

Ui, 5

+

(5.1)
6u,~,k au,-,,-

Now, let us suppose that the displacement field is
increased by an infinitesimal displacement ;, and let us
calculate the change {;; in the stress associated with the
new displacement field #,41; on the assumption that
terms of higher degree than the first in the displacement
gradients 4;, ; may be neglected. Then,

(5.2)

Lij=—Up,q
Mp,q

By introducing (5.1) into (5.2), we obtain

) oW, oW,
tij=———lp,pt )k
%;,; ot
W, W,
+{(1—ur,r) 945k
aui,,-au,,,q aui,kau,,.q
W,
: g (5.3)
Ou; j0up,q

By introducing the expressions (4.6) and (4.7) for W,
and W3 into (5.3), we obtain

bii= — 2000, (Bp, p+ 2Um, n(@itmnlhj, k- GitmnThi, k)
+ ztsbpqiimnum. at (@paaths, 1+ poitti, 1)
+aijqttp, it (1—ur, r)a'iipa]up, q

This equation may be rewritten as

(5.4)

iii= 2(aiiu+ Cijra™)Ur, 2 (55)

where

Cijn* = = QijkiUrk, 1075t tm, n (aiamnsjr‘*' ajsmnair)
+ (3bijmnpqum, n+apqiluj. »‘+aqului. 11
+ @ijquthp, 1= Ur, ijpe) Srpdoq-

(5.6)

The relation (5.5) may be rewritten in the form

1= 2(@ijrat-Cijra) 0%r/ %, (5.7)

where
(5.8)

Cijrs= Cijrs* = Qijrmlls, m.
Then, 2(a;jrs+cijrs) are the elastic moduli for infini-
tesimal deformations of the material which is initially
subjected to the displacements #;. From (5.8) and (5.6),
employing the notation

35pqijn= aciira/aup. o (5.9
we obtain immediately
3quijrs= —aiquart_aij"apq_l_ahpqajr
FispebirtGrsigdipt CrajebinTtAijsebpr
+ai,~,q6m+ Sbijﬂq". (510)

By substituting in (4.10) for 3bikima from (5.10), we
obtain

zaijmnfemnd Vo=~ Zaijklfum,muk, 1V

+aiimkf“n, Ktm, 2@V o

_35pqijrafup,qur.advo- (511)

If the material has some symmetry, then we must
express this fact by determining appropriate forms for
@ik and b;jpgrs. The manner in which this may be done
conveniently is illustrated in Appendices 1 and 2 for the
cases when the material is isotropic and when it has
cubic symmetry of the hextetrahedral, gyroidal, or
hexoctahedral classes. In these appendices we also give
the special forms taken, in these cases, by the expression
(4.10) and the expression (5.4) for the stress correspond-
ing to an infinitesimal strain superposed on an initial
deformation.

Meanwhile, in the next section we shall determine the
change of volume, caused by the introduction of dis-
locations, of cubic crystals of the hextetrahedral,
gyroidal, or hexoctahedral classes. The result obtained
could have been derived from the more general
formalism given in Appendix 2. However, the method
employed in Sec. 6 takes advantage of certain algebraic
simplifications which are possible for this particular
problem.

6. CHANGE OF VOLUME FOR CUBIC CRYSTALS
(HEXTETRAHEDRAL, GYROIDAL, AND
HEXOCTAHEDRAL CLASSES)

In this section we shall determine the change of
volume, caused by the introduction of dislocations, in
cubic crystals of the hextetrahedral, gyroidal, and
hexoctahedral classes. Before doing so, however, we
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shall derive certain formulas, which are generally
valid, from the results of Secs. 4 and 5.
From (4.10), we obtain, with (4.6),

Zat'imﬂfemndV0= _4fW2dV0—aiimnfuk.muk,ndV0

_3bi£klmnfuk,lum,ndvo- (6.1)

By bearing in mind that

36ijklmn= acklmn/aui, 7 (6'2)
we obtain, from (5.10) and (4.6),

3biikimntér, thm, n= 3biiklmnuk, tUm, n— Wt QiiklUk, (Wm,m
(6.3)

= QisknWi, mUm, n— QiiinUk, Uk, n.

By introducing (6.3) into (4.10), we obtain

zaiimnfemndV0=—3fW2dV0

+aiiklf(uk, mm, 1= W, Wm,m)EV o
- 35iiklmnfuk,lum,ndV0- (64)

We may obtain a convenient expression for biikimn as
the rate of change of cximn With volume, when the
material is subjected to a uniform dilatation, in the
following manner: We suppose that the fractional exten-
sions undergone by the material in the uniform dilata-
tion are 8. Then taking #; ;=B4;; in (5.6) and (5.8), we
obtain

Cijrs= ﬁ(—‘ aijppars-l_ aisppajr+ ajnppair
+a'ijrc+3bppijrc)-

By comparing (6.5) and (5.10), we obtain
3511111‘]‘7'3: acijrs/aﬁ=3(acijra/av);

(6.5

(6.6)

where v is the fractional increase of volume of the mate-
rial in the uniform dilatation.

So far we have made no assumption regarding the
symmetry of the material. For cubic crystals of the
hextetrahedral, gyroidal, and hexoctahedral classes, it is
shown in Appendix 2 that the elastic moduli 2a,,,, must
be expressible in the form,§

Zapqn= (al+ 20‘2)8pq3r3— %al(scparq"' 5,q8,p)

3
+2b1 Z 60p5aq6a76a3- (67)
a=1

§ The convention will be used that Greek subscripts take the
v}alllues 1, 2, 3. The summation convention will not be applied to
them,

RIVLIN

By introducing this result into (6.4), we obtain
2(a1+3as+b1) f emmd Vo
=—3 f WadV,
—(a1+3az+b1)f[(um,m)z—um,,.u,,,m]dVo
—3biskimn f Ui, hom,n BV o.  (6.8)

By using the result obtained in Appendix 3, we see that
neglecting terms of higher degree than the second in the
displacement gradients, the change in volume V'~V of
the crystal due to the introduction of dislocations is
given by

2(ar+3as+8) (V—Vy)

= -—3fW2dVo—35.‘¢k1mnfuk,lum,ndV0- (6'9)

We note that if the cubic crystal undergoes a uniform
dilatation, it remains cubic and consequently the elastic
moduli 2(@pqrs+Cpers) for infinitesimal deformations of
this deformed crystal are given by

2(@pgretCpgre) = (@14 282)8 pgdrs— 301 (s g5t 05404r)
3
+2b1 3 bapbagdardas, (6.10)
a=1

where d,, @, and b, depend on the fractional increase in
volume v, and are equal to a1, @2, and b, when v=0,
From (6.10) and (6.6), we obtain

26ppijnfui,jur,st0
0a, 0ds
- (725 [ mwrars
dv dv
1 da,
b (uk,muk.m‘l-uk,mum,k)dVo
2 v
651 3
+2—" Z (ua,u)deO- (6.11)
07 =1
On defining %, &, and # by
k—=%(dl+3d2+6l), 25=2b,—ad; and 17=—51, (6.12)

and denoting by £, u and » the values of £, & and # when
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2=0, we can rewrite’Eq. (6.11) as

B pl]flfut Wr, 0dV0

dk 1
=——;f DdVo‘l'——stdVo

dv

+—— - st'dVo, (6.13)
where
WD = %k (um- m)2,

Ws= 'u'[% (um, nUm, n+um, nUn, m) -

3 (sm, m) 7],

and

3
Ws'= V[% (um.n“m,n‘l'um,n“n.m) —Z (ua.a)2:]' (614)
a=1

Also, we see from (6.7) and (4.6) that, for the cubic
crystals considered,

Wa=apgratip,thr,s=

3(a1+2a2) (U, m)*

3
—'i‘a’l(“m,num,n+um.nun.m)+bl Z (ua,a)z' (615)
a=1
It is then easily seen that
Wo=Wpo+Ws+Wg'. (6.16)

By introducing (6.13) and (6.16) into (6.9), we obtain

V- Vo———[(l-i-;g;)prdVo
( +;5) f WsdVo
+( +-—) f Ws’dVo] 6.17)

We can specialize this result to the case of an isotropic
material by taking b,=5,=0. We then obtain Zener’s
result!

V- Vo"'——[( +——‘)fWDdV0
+(1+——) I Wsto] (6.18)

7. A QUALITATIVE DEDUCTION

In general, in order to obtain an explicit value for
V —V, from Egs. (6.17) or (6.18), we need to know the
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displacement field which is associated with the dis-
locations according to classical elasticity theory. How-
ever, it is easily seen that Wy, Wp, and Wg' are
essentially positive. Thus, if for a given material the
coeflicients of all three of the terms /"W sdVo, S 'WpdV,,
and S'Ws'dV, in (6.17) have the same signs, we can
predict whether a body of the material will increase or
decrease in volume when dislocations are introduced.

Daniels and Smith? have determined the dependence
on applied hydrostatic pressure of the speeds of propaga-
tion of plane waves in crystals of copper, silver, and
gold. These crystals are all of the type considered in
Sec. 6. The wave speeds measured in a crystal are, of
course, simply related to the values of k, 4, and 7 for
the crystal.

If p denotes the applied hydrostatic pressure, we have

o opd )

dv v ap ap

(7.1)

We can therefore write (6.17) in the alternative form,

- 1[(615 1)fW v

=7 o b&¥o
(;5—1)stdVo

k 07

v 9p

From the results of Daniels and Smith, the values
given in Table I are obtained for the coefficients
ok/3p—1, (k/w)oa/dp—1 and (k/v)d3/3p— 1.

Since these coefficients are all positive, it follows that
for each of the metals, the introduction of dislocations
should produce an increase in volume.

We easily can establish upper and lower bounds for
the change of volume in terms of the total elastic energy
S WadV, stored in the deformed body in these cases.
For example, for copper and silver, we see from the

TABLE I.
ak ko k o7
—_—1 ———1 -——1
ap nop . v ap
Copper 4,59 2.404 3.685
Silver 5.18 3.332 4.611
Gold 5.43 4.139 7.545

2W. B. Daniels and C. S. Smith, ONR. Tech. Rept. No. 1,
Contract Nonr-1141(05), Project NR017-309 (1958).
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table that By introducing (8.3) into (4.10), we obtain
ok k v k 3@
—_1> 1> 1. (73) (a1+2a2)8;,-fem,,,dVo—alfe,«,dVo
ap v 8p nap

With (7.2) and (6.16), we obtain immediately

179k
~(~—1)szdVoZ V-7,
£\ap
17%3a
2-(—~—1) f WadVe. (7.4)
k\pdp

8. APPENDIX 1. ISOTROPIC MATERIALS

For an isotropic material, W must be expressible as a
polynomial in J, J; and J; defined by

Ji=Ei, Ja=3[(E:)*—E;E;],
and (8.1)
J3= %EZEikEkjEji“ 3EkkEijEji+ (E11)3]
Thus retaining terms up to the third degree in E;;, the
expression (4.3) for W takes, for an isotropic material,
the form,||

W =ayJ a2+ as) 1 J 2t asd P4-as) . (8.2)
From (8.2) and (4.3), we obtain
17 9 i) 2 a
)
4 aqu 3Eqp aE,, 0E,8 Er;=0
= (@14 202)8pabre— 301 (850 g5t 0 paber), (8.3)
and
17 @ i} i} d
6bmnpqra=-( + ) ( + )
8\3En. OEnn/ \OE,; 0L,
d d
(5=
0E,, OE,. Ej1=0

= (3a3+ 604+ 25)8mnbpobrs
—3(as+a5)[8mn(8spdrat8s90r5)
+854(3msdnrtOmrdans)
+ 874 (OmadnptOnedmp) ]
+505[8+¢(8sm0pntsndpm)
+80p(8ambrnt 8gndrm)
+8-(8smOgnt 8snbqm)

+63q(6pmarn+ Bpnarm):]'

| This is substantially the result given by F. D. Murnaghan,
Am. J. Math. 59, 235 (1937). :

=—%(2a1+4a2—aa—as)fum,,,.(u;,,--l—u,-,,-)dVo
+i(a'3+aﬁ)fum,nun.m6ﬁdV0
—%(3a3+6a4+a5)f(um,m)zé.-jdVo

+% (201 - aﬁ)f (u'o',mum,j_"uj,mum,i"" um,ium,j)dVO

+% (4(11 - ds) fu;,,,.u,-,md Vo
- % (2a1+4a2— az;— 05) fum,num, nainVo. (84)

Introducing (8.3) into (5.4), we obtain

b= (a1+2a5)0y, p0si— 301 (s, 5+, 2)
- (201“’-402— 3(13—‘ 664—' (15)5,']"14];, ,c'cl,,, »
+ (Bar-2a,— 05— 305) [ (s, i1, )0, »
oy, p (i, i+, ]
+ (@14 202— 305—525) 0 i m, n¥im, n
- % (aa+a5)6iﬂ¢m, nﬂn, m
— 3 (a1—3as)[ (wj, s tun, ;) (@i, 1 ts, )
+ (o, 100, 5) (5, 2+, ) )

- %dl (uj, kdl-, k+ui, kﬂj, k) . (85)

9. APPENDIX 2. CUBIC CRYSTALS (HEXTETRA-
HEDRAL, GYROIDAL, AND HEX-
OCTAHEDRAL CLASSES)

For cubic crystals of the hextetrahedral, gyroidal, and
hexoctahedral classes, the axes of which are in the
directions of the axes of the coordinate system x, it has
been shown?® that the strain-energy function may be
expressed as a polynomial in Jy, Js, and Js, defined by
(8.1), and I,, I, and I, defined by

I=Ey*+Ey’+ E332,

Iy=EyEgEss, 9.1)
and

I;= E11E232+E22E312+E33E122,

together with certain further invariants of higher degree
than the third in E;;. Retaining terms up to the third
degree in E;;, the strain-energy function W then takes
the form

W= W'+ b1]1+ b211]1+b3[2+ 6413, (9.2)

where W’ denotes the expression for W given in (8.2).

( 3 G.) F. Smith and R. S. Rivlin, Trans. Am. Math, Soc. 88, 175
1958).



DIMENSIONAL CHANGES

We obtain immediately

1( o 9 )( 8 9 )
4\9E,, oE,) \9E., OFE.,

3
=2dpqul+2b1 Z aapaaqaaraal,
a=1

W=2a44rs
Ek1=0

and

17 8 ) a9
o))
8\0Enn 0F.m/ \OE,, OE,,

a 9
><( + )W

aEn 6Esr

3
=6bmnpqra,+2b2 Z (6mn5ap5aq6ar5as
a=1

= 6bmnpqrs
Ek1=0

(9.3)

+ apqﬁaraaaaumaan'{- 5ra6am6an6ap6aq)

3

+b X

a,8,v=1

W“B'Yaamaaﬂaﬁp‘sﬂqa‘waw

3
+ibe X

a,B,y=1
K (3gr0ys+8yr885)
+8apbaq(88r0yet01r08s) (OgmOynt ymdsn)
+3arbas(3smbyn~t 8ymdpn) (35014 0v5084) ],

where w3, is the permutation symbol defined by
mapgy=1 if afy is a permutation of 1, 2, 3 and 7.s,=0
otherwise¥|; apers’ and bmnpers’ are used to denote the
values of @pgre and bynpers given by (8.3).

On introducing (9.3) into (4.10) and using e;’ to
denote ¢;; in Eq. (8.4), we obtain

Taﬁ‘y[‘sumsan(aﬂpavq"'_ 57p5ﬂq)

(al+2(12)5,-jfemdeo—alfei,:dVo

3
+2b1 Z aaiaajfeaadvo
a=1

= (a1+2(12)5ijfemm,dVo—(llfeijldVO
3
— Z {2b1(5a,ﬂj,aua,u+5«;‘“:’,«1“:!.01)
a=1

+b18aibajthr,athr,atbo[ 8:(tha,a)?

+ 20840 ajthe,atp,p ) 2b3Tagr0aibaitha, sy, v

+ 504 apy[ aibaj(Us,y+%y,8)°
+20ta,0(8p:dyj+8vids)) (s, v+ 1ty ) J}@Vo.  (9.4)

9 We note that Greek subscripts are assumed to take the values
1, 2, 3, and the summation convention is not applied to them.
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Introducing (9.3) into (5.4) and using #;" to denote
the expression for Z; given in (8.5), we obtain

3
Ly=1if+2b1 Y Saibastia,x
a=]

3
+ Z [— 2(b1_ b2) aaiauj(ua,adp,p-"up,pda,a)
a=]

+2b1(aa€uj,a+ aaﬂ‘i.a)aa,a
+261ua,a(5a'ﬂzj,u+ 5,,}"1.71,"“)+2b15ai6ajup,a7zp,a

3
+2b98ithe,alia,a ]t X {DsTaprBaibaitis plly,y

a,f,v=1
+ 104 agy0aibai(4s,y+1hy,p) (g, y+1iy,5)

31047 08y (8aidpit 08:8ai) [ (#a,s+15,0) 0,

by, (Fa,pt3p,0) ]} (9.5)
10. APPENDIX 3
If A is any 3X3 matrix, then
detA= %[ (trA)*—3trAtrA2+42trA%]. (10.1)

If in a deformation of a body, a point initially at X;ina
rectangular Cartesian coordinate system x moves to x;
in the same system, the ratio between the volume 4V
of an element in the deformed state to its volume &V in
the undeformed state is given by

dV/dV(): lxi,j] . (10.2)
With (10.1), we obtain
— =3[ (2r,1)* = 3%+,1%p,o¥q,pF 2%p,o¥q,1¥r, 5 ].  (10.3)

avy

Writing x;= X ;+#; and assuming that the displacement
gradients %, ; are sufficiently small so that we may
neglect terms of higher degree than the second in them,
we obtain, from (10.3),

——=14 sy 5 () — 200, gtq, - (10.4)

Vo
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Asymptotic, solutions of d*y/da?+[N2p(x)+7(x,\)]y=0 are found when A is a large parameter and 7 is
“small” in comparison with A?p, except at a single point where either $ has a simple zero, or p a pole of the
first order and 7 a pole of the second order. The results are applied to Bessel functions, and to Hermite and
Laguerre polynomials. The resulting asymptotic forms are valid uniformly in ».

1. INTRODUCTION

N many problems of applied mathematics one needs
approximations to solutions of the differential

equation,
d*y/ (dx?)+[Np (x)+7 (x,\) Jy=0, (1.1)

where X is a large parameter, and 7(x,\) is “small”’ in
comparison with A*p(x). In this paper, x will be a real
variable ranging over a finite or infinite open inter-
val (a,b).

The earliest investigation of such an approximation
is due to Liouville (1837) who encountered (1.1) in his
work on what is now called the Sturm-Liouville prob-
lem. In Liouville’s case, A2p(x) >0 throughout (a,b), and
the solutions are shown to be oscillatory. Liouville’s
method can also be applied when A?(x) <0 throughout
(a,b) and it turns out that in this case the solutions
show a monotonic behavior in the sense that no non-
trivial solution can vanish more than once. A brief
description of Liouville’s method will be found in [3,
Chap. IV]; here it will be sufficient to note that that
method is based on a comparison of (1.1) with a differ-
ential equation with constant coefficients, and that the
technique of the comparison involves a change of vari-
ables followed by a conversion of the differential equa-
tion into an integral equation of Volterra type.

The behavior of the solutions of (1.1) is much more
involved if Ap(x) changes its sign in (a,b), say at a point
¢. This point separates an interval in which the solutions
of (1.1) are monotonic from one in which they are
oscillatory; and the transition from the one kind of
behavior to the other takes place in the immediate
vicinity of ¢. Such a change of sign commonly takes
place if ¢ is a zero of p(x), in which case it is called a
ransition point or a turning point of the differential
equation, or if ¢ is a singularity of p(x), and hence of the
differential equation.

H. Jeffreys encountered a turning point problem in
1923 when he investigated oscillations of water in an
elliptic lake, and he developed approximations for that
case [10, Sec. 17.1317]. A few years later, turning point
problems arose in connection with the one-dimensional

* This paper is based on several reports by the author and
others. These reports were prepared under contract with the
Office of Naval Research and are listed with all other references in
the Bibliography at the end of this paper under 1, 3, 4, 5, 8, 9,
19, 20. References appear in the text in brackets.
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Schridinger equation, and the WKB method was in-
vented to solve them. Liouville’s method was adapted
to differential equations with transition points by R. E.
Langer. Among the many investigations carried out in
this field those of Langer, T. M. Cherry, and F. W. J.
Olver are especially pertinent to our purpose. A brief
review of the relevant literature up to 1951 is given in
1], and general descriptions of the comparison method,
in [5] and [14].

More recently, singularities of (1.1) at which A2p(x)
changes its sign have also been studied, the principal
contributions being due to E. D. Cashwell, N. D.
Kazarinoff, and R. McKelvey, Olver, and C. A.
Swanson.

In this paper we shall assume that A is a large positive
parameter, (a,b) a finite or infinite open interval, and
p(x) is real and changes its sign at ¢, a<c<b. For the
sake of definiteness, we mostly take p(x) <0 for e<x<c,
and p(x)>0 for c<x<b. At ¢ itself, p(x) has either a
simple zero or a simple “pole.” Comparison with a
differential equation with constant coefficients does not
lead to adequate approximations in either of these two
cases, and it becomes necessary to use comparison
equations which themselves have a transition point or a
singularity, as the case may be.

The simplest comparison equation with a transition
point is

Pw/dR4+Nw=0, (1.2)

which is closely related to Airy’s equation. Solutions of
(1.2) are
Ai(—=Nomt), Bi(—Nw™), (1.3)

where A7 and Bi are the Airy functions (157, » is an
integer, and w= €273,

The simplest comparison equation with a singularity
would seem to be the differential equation,

d2w/ AP+ Nt 1w =0,

which is closely related to Bessel functions of order
unity. However, it turns out that the adoption of this
comparison equation necessitates undue restrictions on
r(x\). For this reason, we shall use a somewhat more
elaborate comparison equation,

)w=0,

daw (N 197

—+(—+
at 14 44

(1.4)
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in which » is a nonnegative constant to be chosen later.
(1.4) is also closely related to Bessel’s differential equa-
tion, and each of the functions,

BT, (M), 8Y,(2A8), #H,02(28)  (1.5)

in the usual notation of Bessel functions, is a solution
of (1.4). :

In this paper A,  and p(x) are assumed to be real. It
may be noted that results for complex values of A\ are
available in the reports on which this paper is based and
results for complex x and p(x) in some of the references
given at the end of the paper.

TRANSITION POINTS
2. Outline of the Method and Results

We introduce a new variable x in (1.2) by the
substitution,

t=¢(x), w=[¢'(x)]Y,
thus changing (1.2) in

(@Y /da?)+ (N +5{¢,2}) ¥ =0,
{ox}=(¢""/¢")—3(0"/¢')

is the Schwarzian derivative of ¢ with respect to x. The

differential equations (1.1) and (2.1) will be nearly
identical for large A if we choose ¢ so that

$¢"=p(x). (2.3)
With this choice of ¢, (1.1) may be written in the form,

(@%y/da?)+ (Nge*+1{¢,x})y=F (xN)y, (2:4)

F(x))‘) = %{¢>x} —r(x,)\).

In this exposition we shall discuss (2.4) rather than
(1.1) and will express conditions of validity with refer-
ence to ¢ and F rather than p and r. Once ¢ has been
determined from (2.3), F is also known and it is usually
easy to verify that the conditions of validity are
satisfied.

If F(x,\) is small in comparison with N¢¢'2+3{é,x},
then (2.1) and (2.4) will be nearly identical, and we shall
expect the known solutions of (2.1) to be good ap-
proximations to solutions of 2.4. In order to estimate the
difference y— ¥, we regard for the moment the right
hand side of (2.4) as a given function of x, and apply the
method of variation of parameters to (2.4), obtaining

(2.1)
where
(2.2)

where
(2.5)

y@=Y@+ [ KEOFGy0H, (26

where #’ is some fixed point of the interval, ¥ (x) is a
solution of (2.1), and K (x,t) is the Green’s function of
(2.1). For a fixed ¢ in (a,b), K(x,f), as a function of x,
satisfies (2.1) together with the initial conditions
K(t)=0, (3K/0x)(t,t)=1.

In order to find approximations for a solution of (2.4),
which is characterized by initial conditions at an interior
point of (a,b), or by its behavior as x — @ or ¥ — b, we
choose #’ to be the point in question and ¥ (x) to be that
solution of (2.1) which is characterized by the same
conditions as y(x). We then establish the existence of a
solution of the integral equation (2.6), prove that this
solution is differentiable and satisfies (2.4), obtain a
rough estimate of y(x), and use this estimate in the
integral in (2.6) to obtain an improved estimate of
y(x)— ¥ (x). In order to carry out this program, it will
be necessary to introduce some notations.

Clearly, ¢ must be assumed to be three times differ-
entiable on (a,b), and it will also be assumed that ¢’ is
either positive throughout (a,b), or else negative
throughout (a,b). We set

w=e27il3
2=0(x)=2(xN)=¢'@) *A+N*|p(x) [}, (2.7)
Om=0m (%) =0m(x\)=—N"p(x), m=0,=+1 (2.8)
02=00=0

o=32%0 o,=%0,}, m=0,-+1,2 (2.9
It is seen from (1.3) that
Yu®)=|¢'|14i(0mn) m=0,+x1
m(®)= ¢’ |47 (Om) ) (2.10)

Va(x)=|[¢'|*Bi(0)

are solutions of (2.1). The approximations to y will be
expressed in terms of these solutions. In the error
estimates certain complications arise due to the zeros of
the Airy functions. In order to cope with these, we set

_ Yn(x) except when 6.<0
" g i@ [ | Bi@) [T i 60<0
d (2.11)
d—oc[l¢’ [#V.(x)] except when 6,<0
Zm(x) =

N[ | A7 (0.) |24 | Bi' (0m) |*TH if 6.<0.

These functions will be used in estimates only. ¥, is not
a solution of (2.1), and Z,(x) is not the derivative of
[¢'|}Y m, if 0 <0.

Lastly, we set

G(xN)=NF @\ [2(xN) I

« and ¢ range over @, b;and A>0. All bounds, including
those implied by the O symbols, are independent of x, ¢,
. C is a generic bound which may be different at each
occurrence.

It is seen from (2.3) that ¢ and p vanish at the same
point, and have the same sign where they do not vanish.
Thus ¢'(x)>0 if p(x)<0 for a<x<c and p(x)>0 for
c<x<b, and ¢’ (x) <0 if p(x)>0 to the left, and p(x) <0

(2.12)
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to the right of ¢. For the former case, we shall establish
the following result :

If (i) ¢ is three times continuously differentiable, and
¢'(x)>0, for a<x<b, and ¢(c)=0; (i) for each fixed
positive N, F(x\) is a continuous function of x for
a<zx<b; (iii) |G(x\)| <AMN)g(x) where (14+N)2AQ) is
a bounded function of \ for N\>0, and g(x) is integrable
over (a,b); and if we set

Xo=a, %yu1=b, x=c, (2.13)

then the integral equation,
Ym(x) =Y pn(x)+ f zK(ac,t)F(t,A)y(t)dt (2.14)

has a unique solution for each m=0, =1, 2 and each \>0,
this solution 1is twice continuously differentiable and
satisfies (2.4) for a<x<b, and

ARV 2
ym(x)=Ym(x)+O[——i——Ym(x) f g(t)dt] (2.15)

for A\>0 and a<x<b.

This result can easily be adapted to the case when
p(x)>0 for a<x<c and p(x) <0 for c<x<d.

If ¢'(2) <0,

¥o=b, xy1=a, xy=c

and otherwise the conditions (1) to (iii) hold, then the result
enunciated in the foregoing also holds.

It follows from (2.15) that ¥V, (x) is an asymptotic
representation of ym(x) as A — «, which holds uni-
formly in x; and also for fixed N as £ — x,,. This is an
especially valuable feature when solutions of (2.1) are
characterized in terms of their behavior as x — «’. It can
further be proved that y,’ is also represented asymp-
totically by V..’ [4].

V. may be regarded as a first asymptotic approxima-
tion to y.. Higher approximations may be obtained
either by expanding the solution in descending powers
of A (Langer [13], Olver [17,187) or else by using in
place of ¢ a change of variable which itself depends on A
(Cherry [2]).

3. Auxiliary Estimates

In the derivation of (2.15) certain estimates are
needed. These are in essence estimates on Airy func-
tions. The reader is referred in this connection to [15]
and [16].

Ai(z) and Bi(z) are entire functions. All zeros of
Ai(z) and A%'(z) are situated on the negative real axis
and all zeros of Bi(z) or Bi'(z), either on the negative
real axis or in one of the two sectors 7/3 <Zargz<n/2.
Moreover, on the negative real axis, the zeros of 4i(z)
and Bi(z) interlace, and so do the zeros of A%'(z) and
Bi'(3). The behavior of 47(z) at infinity follows from the

asymptotic formulas,

Ai(®) =it 140G )]

2—> 0,

—r<argz<w (3.1)

Ai(—z)=1r‘*z—*[cos(§"—z) +0(§'—1)]
4

>0, z— o, (3.2)
where
(3.3)

The behavior of Bi(z) can be deduced by means of the
relation,

Bi(z) =il «?4i(w?)—wdi(ws)]. (3.4)
It follows that the functions,
(1+[z]D4i(z)ef,  (1+]2])74i'()ef  |args| <mr
(A+][z[)Bi()e, (1+[3[H7'Bi'(2)es  |args| <n/3

(142 DB (2)ef
7/3< |argz| <,

(1+ |2 HBi(a)ef,

and the reciprocals of the functions,
(1+[2[H[] 4i(z) |2+ | Bi(z) | ket
(42| D7[[ 47" () [+ | B (2)|*Jef  args=c7

are bounded.
As a consequence we have the following:

Lemma 1
The following functions are bounded.:
®(%)Vm(x) explom(®)], {[2(x) V() explon(x)]}*'
for m=0, 1 and |arghy,| <= or m=2 and §<0
[®)V2(x)e @I for |argd|<=/3.

There are also corresponding results involving the Z,,
and the derivatives of the ¥,, but these will not be
noted in detail (see [4], lemma 2).

Since Y. and ¥, are linearly independent solutions
of (2.1) when m, m’=0, £1, 2 and m>“m’, the Green’s
function can be expressed as a linear combination of any
pair of these, indeed,

1
K(x,t)=X[Ym(x)Vm'(t)—Ym(t)Ym'(x)l (3.5)

where
A=Y/ OV )= Y ) V' ()

is the Wronskian of ¥,, and ¥, which is independent
of £ and can be computed from the known values of
Ai(0), 43'(0), Bi(0), and Bi'(0).

For the Green’s function, we need the following
result:
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Lemma 2

If m=0 and a<tLx<b, or m==+1 and a<x<t<d,
or else m=2 and either a<x<i<cor c<t<x<b, then

| K (2,0) Tu(5) | SONH@()) [ 2| ()| (3.6)
aend

d
—[ ¢’ (0) K (,) 17 (0)
ox

<OH@() |2 Za@)]. (37)

We shall prove (3.6) for m=0. The proof of (3.7) and
the discussion of the cases m=-1, 2 are similar.
We use (3.5) with m=0, m'=1, say, obtaining

K(2,8)=2m\ [ Vo(x) V1 () = Vo) V()]
and consequently,
Po(2)
Yo(x)

Yo(x)
Yo(x)
Vi(x)
Po(#)

El-)\‘@(t) K(x,0) < |2*() Po() V1(8)|

+ [N Vo) Vo (D] (3.8)

Here, we take argf=0 and argf;=2w/3 if x<c; and
argf=—m= and arg=—=/3 if £>c¢; noting that in
either case 3= —o, and Reo(x) is a decreasing function
of x. Clearly, | Vo(x)/ Po(x)| <1, and ®2(8) Vo(£) V1 (2) is
bounded by lemma 1. Thus, the first term on the right
hand side of (3.8) is bounded. Furthermore,

Y] (x)
?o (x)

e and (1) V(1) Vo(t)ere?

are bounded (lemma 1), and |e2(®—29(9| <1 since <%
and Reo(x) is a decreasing function of x. Thus, the
second term on the right hand side of (3.8) is also
bounded, and (3.6) is proved in this case.

4. The Integral Equation and Its Solution

We shall now solve the integral equation (2.14) by the
method of successive approximations. Under assump-
tions (i) to (iii) of Sec. 2, we fix m and A, and set

(%)= V() (4.1)

Unpr (%)= fz K(xHF(tNu.()dt n=0,1,2,--.. (4.2)

In order to prove the convergence of ¥ #,(x), we first
remark that according to assumption (iii) and lemma 2,

[E@HFEN Y@ < (C/N)| Va(@)] |GEN)]
< (CA/M)| Tm(®)[g(1) (4.3)

Next, we prove by induction that

£ ;g(t)dt )nl V()|

n=0,1,2,---.

lun(2)| <1/ () ( (CA/N)

(4.4)

Indeed, (4.4) is true for n=0. If it is true for any #, then
it follows from (4.2), (4.3), (4.4)

< 1 7CAN "1
or<(%)

X | Vlx)] A"dt

[ :g(o [ ;g<s)ds
Since

[l e o]

this proves (4.4) for n+1, and hence for all #.
After proving (4.4), we note that, by assumption (iii),
A(A)/N is a bounded function of A for A>X>0, and

[ et

m

is a bounded function of #, so that
1 o
[uﬂ(x) l S_{Anl Yﬂl(x)l n=07 1) 2) Tt (45)
n!

where 4 is independent of x and . It follows that

Z tn(2)/ V(%)

converges uniformly and absolutely for a<x<b, and

%@=§m@ (4.6)

defines a function which is clearly continuous for
a<x<b, and satisfies (2.14). Also,

Cf J ,g(t)dt\)

(@) < T exp(—
<| Tal®) | (&)

The uniqueness of the solution can be proved in the
usual manner.
To prove the differentiability of y,(x), we first form

d/ (dx)[ua ()6} (x)]
= [ 8/ K @ IF a1

Tm

Here, we use assumption (iii), lemma 2, and (4.4) to
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show that

i g(2)dt

) 12,

1 /CA
s—( f

n!\ X
and conclude that the series

2 (")) Z ()

converges uniformly, and hence that 3 #.¢'* may be
differentiated term by term to yield (y.¢'?). Finally,

d
[ (2)¢"}(x) ]
dx

"

ym' (%) =¢”*[ym(x)¢’*(x)]’—%;7ym(x)

is continuous for a<x<b.
Next, we remark that it is seen from (4.2) that

'’ (2) = F () tn1 () + f IE;K (#,O)F (t\)un—1(2)dt

=F (2, tn1(2)— [N¢¢?+3{,x} Jun(x)
since K (x,t) satisfies (2.4). As before, it follows that
(4.6) may be differentiated a second time, y."’(x) is

continuous, and y,,(x) satisfies (2.4) for a<x<b.
To estimate ym— Vm, we use (2.14), (4.7), and (4.3).

[3u @)= Vu@<et| [ K@D Ta()]d

L;g(t)dt .

5. Application to Bessel Functions

CA
S—)‘—e“‘l Vou(2)|

This completes the proof.

We shall now apply our results to Bessel functions of
large order. The asymptotic forms of these functions
were determined from the differential equation they
satisfy by Langer, Cherry, Olver, and also in [3], Sec.
4.8. Here, we shall show that the leading term of the
asymptotic expansion follows from our result without
much effort.

The functions,

(x), 2H\O(\x), 2H\P(x), (5.1)
satisfy the differential equation,
d*y 1 1
——+[)\2(1——)+——-]y=0, (5.2)
dx? a2/ 4y

This equation is of the form (1.1) and it will turn out
that all our conditions are satisfied on the interval
0<x< . According to (2.3) we set

¢ =1—(1/x%). (5.3)

and obtain by integration

-s(D=at= [ 1(%1);&

=— (1—2®)H-log[1+ (1—23)¥]—logx

0<2<1 (5.4)
z 1 )
H8(9]1=00) = f (1—5) dtl
=(—1)t—cos1- 1<x<x. (5.5)
x
We note that
a(x)=—logx+log2—1+0(x?) as x—0
o1 (5.6)
o (x)=——+0(x) as x—
x
T
6(x)=x—5+0(1/x) as x— o,
(5.7)
B (x)=1+4+0(1/2? as x— .

The differential equation (5.2) may now be written
in the form (2.4) with

F(x)\)=F (x)=3{¢x} — 1/ (4"). (-8

We proceed to verify that the conditions (i) to (iii) of
Sec. 2 are satisfied. Clearly, ¢(x) is three times con-
tinuously differentiable (indeed it is analytic). Also
¢'(x)>0, and it follows that F(x) is continuous (in fact,
analytic). We also have

MF (1)
(1)

FOI
REIOI A0

and in order to verify assumption (iii), we shall investi-
gate the behavior of F(f) as t— 0 and as t— «. To do
this, we use the chain rule

{¢)x} = {¢)X}X’2+ {ny}

for the Schwarzian derivative, setting x=a when
0<%x<1, and x=8 when 1<x< . Thus,

_HF@
1-2]¥

[GEN] =

r) sa'2+ 1 50?4t
w= Horl = = T 4(1—22)?
0<x<1l (5.9
.587  dta?
F(x)= — 1< >, (5.10)
188 4(1—22)

From these formulas, in conjunction with (5.6) and
(5.7), it is seen that

F(x)=0[(xlogx)?] as x—0

F()=0() G0

as x¥r—> 0,
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It follows that

1 2
[x log(2+—)] F(x) (5.12)
x
is bounded when 0<x< «, and we may set
1 —1
g(t)=[tl 1—p|} log2(2+—)] (5.13)
11

and A some fixed number (independent of ¢ and A) in
assumption (iii). Clearly

f gt)di< o,
0

and we note in passing that

fz g(H)dt=0(1/logx) as x—0
' (5.14)

as x—r o,

[ " e(Ddt=0(1/2)

On verifying all assumptions, we know that there
exist solutions y.(«) of (5.2) for which (2.15) holds. It
remains to identify these solutions in terms of the
functions (5.1).

Let us start with yo(x). By fixing A>0, and making
x— 0, we have from (2.15) and (5.14),

1
yo(x)=¢"*Ai(—-)\‘¢)[l-|-0(—)] as x—0.
logx

Since —¢ — = as £ — 0, we may use (3.1) and (5.6) to
write

e ()] = =

Here, we use (5.6) and (5.3) to obtain the asymptotic
behavior of yo(x) as x — 0, X being fixed.

yo(a) = §a— 12\ VerypM

1
X[H—O —-—)] as x—0 (5.15)
logx

In order to avoid inessential complications, let us
assume that A is not an integer, so that Jy and J_, are
linearly independent. Then, yo(x), being a solution of
(5.2), must be of the form,

yo(®) =i W) A () +e2(N) T A () ].

)d:)\
Tar(ha)= T 1/:i:

(5.16)
Now,

[14+0(x)] as x—0,

and substituting in (5.16) the asymptotic form of each
term as x — 0, we see that

c1(\) =Lr—INUEAT (A1),
so that

Ca ()\.) = O,

2t

B \(\x)=
(1)

.We then have
2rt

A1)

e INM Sy (), (5.17)

e~ M\MH/6 (qu)—! As ( —_ )\l¢)

1
Xll-!—O(—)] (5.18)
AV
for A>0 and 0<x< =, except that in case >1, the
error term must be modified in order to take account of
the zeros of 4. When x<1, O(A~Y) in (5.18) may be
replaced by OL (A logx)~]. The asymptotic form of the
derivative may be obtained similarly.
A somewhat simpler asymptotic form results if
Stirling’s formula is used for I'(A4-1).

Ta(z)= GAlog ) i(—Ng)[1+0Q ] (5.19)

for A>0 and 0<x< =, with the same modification of
the error term near zeros of Ai(—A) as before. In
(5.19) the O symbol cannot be strengthened for 0 <x<1.

We now proceed to y1(x), fix A\>0, and make x — .
From (2.15) and (5.14),

J)‘O\x)=
I(

1 1
yl(x)=-——Ai(—)\*w¢)[1+0(—)] as x— 0,
o't x
Since ¢ — o as x — ©, we may use (3.1) and (5.7)

exp[iN8 (x)+im/12]f 1+o(1)] s 5 o
2(r¢’) gt l x

Ar T 1
=3n—iNU6 exp[i()\x— S ][H—O(-—) ]
2 12 x

as x— ®,

y1(x)=

y1(%), being a solution of (5.2), must be of the form,
y1(x) =2 [csWHX®D Ax)+-ca (W) Ha® (Ax) .
We know that

B H\OD (\x) = ( )exp[:bt(xx—z\zz_f)]
o] = =

where + is for H,® and — for H\®, and conclude,
similarly to the previous case, that

LD (\x) = 2\ e7ilty, (x)’, (5.20)
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and hence

H O (\x) =2\ e 73 (/)4 4i (— Nowgp)

irol)]

for A>0and 0<x< . If 2>1, O(A~) may be replaced
by O[(Ax)~*]. The corresponding asymptotic form for
the second Hankel function for A\>0 and 0<x<  is

H\® () = 2\ el ()14 (— N lgh)

o))

with the same remarks about the error term as before.

6. Application to Hermite Polynomials

Next we shall apply our results to Hermite poly-
nomials of large order. The asymptotic forms of these
have been the subject of several investigations. For
references and a summary of results see [21]. Since
Hermite polynomials are connected with parabolic
cylinder functions, results regarding the latter functions
are also relevant [8], [11]. Here, we shall follow the
-discussion given by H. Skovgaard [19].

n is a nonnegative integer, and N=2n-1 throughout
this section. It is known [7, Vol. II, p. 193 Eq. (13)]
that

exp(—3N2?)H,(Nix) 6.1)
satisfies the differential equation,

@y

—+N2(1—2?)y=0, (6.2)

dx*

whose general solution may also be written in the form,
aD [N ]+coD_p o[ (2N)¥x]. 6.3)

(6.2) is of the form (1.1) on (e, « ), where —1<e<0,
and N takes the place of A. Since p(x) changes here
from positive to negative values as x increases, we shall
have ¢’(x) <0 and will use the second form of the results
summarized in Sec. 2. Accordingly, we set

¢"=1—22

and obtain
1
doi=ala)= [ (-

=—3x(1—-)MH3Fcosx a<x<1, (64)
2(—p)t=pB(x)= £—1)¥dt
3( (x j:(‘ )

=1x(s2—1) L cosh™ix 1<x<o, (6.5)

where cos™ and cosh™ denote the principal branches of
the inverse functions. We then have (2.4) with

F(x\)=F(x)=%{x}

and, if we define F(1)=limF(x) as x — 1, F(x) is con-
tinuous for ¢<x< . Moreover, it can be shown that
(14-x)?F (x) is bounded on (g, ). Thus all the condi-
tions of Sec. 2 will be satisfied if we take A(\) to be some
suitable number independent of x and A, and set

g(x)=(1+2)72|1—a?[ 4.

Since g(x)=0(x"%) as x — «, we also have

J

x

(6.7)

* 1
g(t)dl—"—O(H_——xz) a<lx<o, (68)

We now apply the results of Sec. 2 with m=0, N fixed,
and ¥ — . Since —¢(x)>0 in this case, Yo=Y, and
we have from (6.8)

(2= l¢'|**Ai<—N*¢>[1+o(i;) ]

Since —¢ — », we use (3.1) to obtain

exp[—NB(x)] ,
yo(x)=m[l+0(x— )] as x—» o,
From (6.5)
B(x)=3+"—1}log(22)—{+0(x?) 22—
and hence,
yo(x) =W exp[— 3N (*—3)]

X[14+0(x%] x——.>oo (6.9)

In particular, it is seen that y,(x) —» 0 as x— .
¥0(x), being a solution of (6.2) is of the form (6.3). Now,
in (6.3), the first term vanishes, and the second term is
unbounded, as x— « [7, vol. IT p. 122, Eq. (1)]. It
follows that ca=0 and yo(x) is a constant multiple of
(6.1). From the explicit formula for Hermite poly-
nomials [7, vol II, p. 193, Eq. (9)],

exp(—3iN22)H,(Ni)
= (2N¥x)" exp(—3N2)[14+0(x?)] (6.10)

as £ — o and a comparison of (6.9), and (6.10) shows
that

H .(NYx)= (2r) }N"/#1/8 exp[ 4 N (42— }) Jyo ().

If we combine this result with (2.15), we obtain the
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asymptotic formula,

H o (Nx)= (2m) N#16 exp[ 3N (x*—3) ]

><l¢’]—*Ai(—N*¢)[1+O( ( ! 2))], (6.11)

n(14-«

which is valid uniformly in —1<ae<zx<® asn— <,
except that the error term must be modified to take care
of the zeros of the Airy function when ¢<x<1. This
result can be extended to — « <x<0 by using H,(—x)
=(—1)"H.(x).

Simpler asymptotic formulas holding for restricted
ranges of # may be deduced from (6.11). In [19] all the
known formulas are so deduced, in part with improved
conditions of validity. Here, we shall restrict ourselves
to a brief indication of two of these results.

If we take 0<x<1 and set x=cosf, 0<0<7/2, we
have

a=%(20—sin26)

from (6.4). By using (3.2) in (6.11) we then obtain
H,(N?cosf)
=2IN"2 sin—49 exp (3 N cos26)
X{cos[1N (20—sin20)—i7r 1+O0(n6-%)}. (6.12)

For x> 1, we set x=coshd, 6>0, and obtain similarly

H,(N*coshf) = (2sinh0) N2 exp[} NV (26+¢72%) ]
20
>([l-i-0(n‘l sinh‘ag)]. (6.13)

SINGULARITIES
7. Outline of the Method and Results

Here, we shall give only a brief outline of the method
following Swanson and state the result. The proofs are
similar to those given in Sec. 3 and 4 for the transition
point case and can be found in [20]. By using (1.4) as
our comparison equation, we introduce a new variable
2 by the substitution,

1=y(x), w= I'V(x) l iy,
thus changing (1.4) into

ML[(xz | 1_”2)w+1w =0, o
P T v T 2 AR LT =Y, .

an equation whose solutions are known from (1.5).
{y,x} is defined by (2.2). The differential equations (1.1)
and (7.1) will be nearly equal for large N if we choose

¥ so that
v =p(2). (7.2)
With this choice of ¢, (1.1) may be written in the form,

d*y [ (P 1—? + ] Fe)y, (13)
JI— + 242 b} = x) b .
P T )nlf 2{¥} |y b2

where

1_ 2
F(x,x)=~;¢21¢'z+%w,x}—r(x,zo. (7.4)

As in the case of a transition point, we shall assume
that the differential equation has been transformed to
this form and, moreover, that » has been so chosen that
[p(x)|~*F(x,)\) is an integrable function of x for each
A>0.

As a typical case, let us assume that (x—¢)p(x) is a
twice continuously differentiable function of x and
(x—c)?r(x,\), for each A>0, a continuously differ-
entiable function of %, for a<x<b so that

p(®)=go(x—c)"[1+0(z—c)]
r(xN)=ro(x—c)2[140(x—c)] as x—¢

and assume ¢o>0, 70<%, 7o independent of X. Then
Y@ =qo(x—o)[1+0(@—c)] from (7.2), ¢'(x)/¥(x)
= (—0)"[1+0(x—0)], {2} =0[(x—c)~] and

1—2—4r

T—°+0t<x—c>—1] x =,

Fx\)= "
—c

and the integrability condition is satisfied if and only if
v= (1—4'70) ;.

If F(x\)=0, (7.3) is identical with (7.1). In general,
we obtain from (7.3) by the method of variation of
parameters, the integral equation of Volterra type,

y@)=U@+ [ KDy Od  (15)

satisfied by solutions of (7.3). Here, U is a solution of
(7.1), & is a fixed point of the interval, and K (x,?) is the
Green’s function of (7.1). For a fixed ¢ in (a,d), K (x,),
considered as a function of x, satisfies (7.1) for x>,
and also satisfies the initial conditions K(,f)=0,
(3K/0x) (1,)=1.

The significant solutions of (7.1) are obtained from

(1.5) as
Us(x)= (W) (2MH),
Ui(x)= /¥ ) H,O (201,
U—1(x)= (b/V') H,® (2MH).

For the error estimates, it is desirable to modify U, in
the region where it has zeros. Let A>0 be so chosen that
J»(2)>0 for 0<2<A, and set

Uo(x)=Uola) if MWLA,

= WANILIT,M) 4| 7,20 [# ]
if > A

(7.6)

1.1
Uiy (%)= Usa ().

It is known from the theory of Bessel functions that
the functions
£ (L 2] 7)1, 3)

(14 | 2| F)e4H,12 (3)
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are bounded when [argz|<m, except that a slight
modification of the second function is necessary when
v=0 and H,"?(z) has a logarithmic singularity. Also,
in the second function the upper sign is taken for H,V
and the lower sign for H,®. Moreover, the second
function has a bounded reciprocal.

This information can be used to develop results which
correspond to lemma 1 and give bounds for the Un,
Uw', Um, 1/Un. These results are in turn used to prove
under certain conditions [see (iv) below ],

| K@) Un| SO p(0) |74 Un(@) ],

together with a corresponding estimate for 9K (x,!)/9x;
in fact, to establish an analogue of lemma 2 in this case.

From here on, the investigation resembles that de-
scribed in Sec. 4. The integral equation is solved by
successive approximations, and the uniqueness and
differentiability of the solution is proved. The estimates
arising out of the successive approximations are used
under the integral sign to provide a better estimate of
y(x)— U (x). There is one new feature, though. x=cis a
singular point of the integral equation and it is im-
possible to continue a general solution of (7.3) across
this point. Accordingly, solutions corresponding to #’=a
or '=5 exist only on the intervals (a,c) or (c,b), re-
spectively. Again, for 2’=c, the integral equation has a
solution only if U (x) in (7.5) is a multiple of Uy(x). This
solution can be continued across x=c¢, but the continua-
tion is not unique: indeed, in Uy(x) itself we may take
argyt=n/2, or argy*= —=/2 when x<c.

Apart from this, the discussion of the integral equa-
tion resembles the discussion given in Sec. 4 and leads to
the following result:

If () (=) is three times continuously differentiable and
V' (®)>0 for a<x<b, and Y(c)=0; (i) for each fixed
A>0, F(x)\) is a continuous function of x for a<x<c
and c<x<b; (i) |p(x)|}F(x\)|<AN)g(x) for x%c
where (1-+N)7AQA) is a bounded function of \ and g(x)
is integrable over (a,b); and (iv) either m=0, xy=c, and
a<x<b or m==1, xmn=a, argp=mm, and a<x<c or
m=31, £,=b, argd=0, and c<x<b; then the integral
equation,

()= U () + f KEOF(Nun)it (18)

has a unique solution for each \>0; this solution is twice
continuously differentiable and satisfies (7.3), except pos-
sibly for x=c in case m=0, and on the intervals specified
in (iv),

U (%) = U,,.(x)+0[— m(%) f g(t)dt] (7.9)

There is a corresponding formula for y.'(x).

8. Application to Laguerre Polynomials

Laguerre polynomials of large order have been in-
vestigated by several writers. References and a sum-

mary of results will be found in [217]. Of more recent
investigations especially those by Tricomi [227] are
noteworthy. Since these polynomials are connected with
confluent hypergeometric functions, results regarding
the latter functions are also pertinent; see [9] and the
references given there.

Laguerre polynomials present an especially interesting
feature in that the differential equation which they
satisfy has both a singularity and a transition point.
Accordingly, we shall obtain two asymptotic repre-
sentations, one in terms of Bessel functions and the
other in terms of Airy functions. The regions of validity
of the two representations overlap, and in the overlap-
ping part the two representations are asymptotically
equivalent.

We shall consider Laguerre polynomials L,*(z) with
fixed &> 0, large #, and unrestricted real 5. Throughout
this section, N=n+ (a+1)/2. It is known [7, Sec.

10.12] that
x(¢¥+l)l2 2N:L a(4Nx) (8.1)
satisfies the differential equation,
d*y 1 1—q?
+[ (———1 +———-—]y=0. (8.2)
dx? x 4x*

Here, N is the large parameter, and the differential
equation has a singularity at x=0 and a transition point
at x=1. We shall first study the asymptotic repre-
sentation on an interval including the singularity.

From (7.2),
=4[ (1/2)—1],

and we obtain

¥(@)=—L[(="—#)+sinh' ()i} x<0,
=[(x—a?)-sin~t 2 0<z<1.

Here, all square roots are nonnegative, and sin™?, sinh—*
denote the principal branches of the respective func-
tions. Also, 7(x\)=(1—a?/(4x?), r=(1—a?/4<%
here, and we obtain »= (1—4r¢)}=a. (8.2) can then be
written in the form (7.3) with

(8.3)

[

x50,

1—o?
F(x,)\) =F(x) =7|l/2-¢ 2+f{¢’x} - 402

(8.4)

From the behavior of ¥ (x) near =0 and x=—, it is
easy to show that |x|*F(x) is bounded in some neigh-
borhood of =0 and x*F(x), for say, x<—1. We can
now verify conditions (i), (i}, (iii) of the preceding
section on the interval — o <x<b<1, the last condition
with A(A) a constant and g(x)=[|x| (1—x) ] so that

[ s (L)’

We now apply the results of the preceding section
with m=0. By fixing N and making x — 0, we have

(8.5)
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¥ (®)=4x[14-0(x)], ¥'(x) =4+0(x) and from (7.9) in
combination with the known behavior of J.(z) near the
origin,

¥
wo(%) = G) Ja(2NyH[140(| x| D]

(2N )aglatni2
 T(at1)

From the behavior of the general solution of (8.2) at
=0, it follows that (8.1) and w(x) are numerical
multiples of each other. Moreover, from the explicit
representation of L,*(z) [7, Vol. 11, p. 188 Eq. (7)],

xlatDi2g=2Nz], a(4Nx)

[1+0(jx|H] x—0. (8.6)

=Ml_)x(a+1)/2[1+0(x)] x—0 (8.7)
%!l (a+1) .
and from a comparison of (8.6) and (8.7),
L,.“(4Nx)=wx‘(“ﬂ)/2eﬂvzuo(x). (8.8)
n!(2N)*

From this formula in combination with (7.9), we
obtain the asymptotic representation,

r 1 i
L,*(4Nx) =-—i%;\—;-7?-x-(a+l)lzezlvz (;)

-Xx

)) oo

valid, with N=n+(a+1)/2 and ¢ given by (8.3), for
n=0,1,2, --- and — 0 <x<b<1, except that the error
term must be modified in the vicinity of zeros of J,,
which occur when x> 0. For <0, argx=argy must be
taken in (8.9) : with this convention, the right hand side
of (8.9) is defined unambiguously.

We now turn to the transition point. According to

(2.3), we set
$o"2=4[ (1/2)~1]

1
XJ¢(2NII/5)[1+O(——
N

and obtain
a(x) =2pt=cos gt~ (x—a2)} 0<x<1
Bx)=3(—¢)t= (—x)l—cosh i} 1<x< (8.10)

with the same conventions about many valued functions
as in (8.3). In this case

F(z\)=F(x)=3{¢,5} — (1—a?)/ (42

is continuous for 0 <x< « and is O(x2) as x— «, and
on any interval 0<g¢<x< , the conditions of Sec. 2,
with ¢’(x) <0, can easily be verified with A(\) a suitable
constant, and g(x)=x"%1—x| % It follows also that

fm g(t)dt=0(i) a<a< o,

(8.11)

»L,,"‘(4Nx) =

We now apply the results of Sec. 2 with m=0, x,=5.
By fixing #» and making x — «, we see that

yo(x)/ Yo(x) — 1.

Moreover, in the expression (2.10) for ¥y, we may use
(3.2), and in the resulting asymptotic form,

B(x)=x—1og(2x)—3+0(x}) x— =,

and we finally find
(4) V2N o+ N
g)=—-—[140(xH] x> o (812
W)= L 0G] (8.12)

In particular, yo(x) — 0 as x — . It being known that
numerical multiples of (8.1) are the only solutions of
(8.2) vanishing as x — «, we conclude that (8.1) is a
numerical multiple of yo(x). Moreover, from the explicit
formula for Laguerre polynomials [7, vol. IT, p. 188,
Eq. (01

xletDg2N =], *(4Nx)

(—4n)"

= , aVNe N 14+0(x™M)] x— o (8.13)
n!

and from a comparison of (8.12) and (8.13), L,*(4Nx)
can be expressed in terms of y,(x). Lastly, we use (2.14)
and (8.11) to obtain

(_

n

Dy 2 \?
— ) 2y rtiby—(atD)2
! ( —¢’

XéN”—NAi(—N*¢)[1+O(EI;)] (8.14)

valid, with N=n+ (a+1)/2 and ¢ given by (8.10), for
n=0, 1,2, --- and 0<a<x< o, except that the error
term must be modified in the vicinity of zeros of 41
which occur when 0<2<1.

Since we may choose 0<a<b<1, the regions of

. validity of the two asymptotic representations (8.9) and

(8.14) between them cover the entire real axis. More-
over, these regions overlap. In the common part,
a<x<b, both forms are valid, the known asymptotic
forms may be used for the Bessel function in (8.9) and
the Airy function in (8.14), and the asymptotic equiva-
lence of (8.9) and (8.14) for a<x<b follows from the
relation a+y4=1m/2 which is an immediate consequence
of (8.3) and (8.10).

Simpler asymptotic forms may be derived from (8.9)
and (8.14). If one is satisfied with an error term O(N™7),
the gamma function and the factorials may be replaced
by their approximations obtained from Stirling’s for-
mula. In another direction, restriction of x to narrower
intervals will make it possible to use approximations for
the Bessel functions in (8.9) or the Airy function in
(8.14), and will result in asymptotic representations
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involving elementary functions only. Some of the re-
sulting formulas are noted in [6]. Compared with the
host of simpler representations, the results developed
here have the by no means inconsiderable advantage
that two formulas suffice to cover all cases, and that
they describe the behaviour of L,*(x) both for unre-
stricted # as x— 0 or #— o, and for unrestricted x
asn— .

1.
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The nature of the extremum of the phase shift in the variation principles, which are all based on the
Schrédinger differential equation directly, is investigated in detail. If the system has no bound state, the
scattering length determined by the original Hulthén method (5, 29) is proved to have the minimum charac-
ter. The minimum nature is maintained even for the system which has several bound states, if the trial
function is taken to be orthogonal to the bound state wave functions. The Kohn method and the second
Hulthén method (15) give neither an upper bound nor a lower bound for the phase shift in general. The
sufficient condition is, however, obtained for each case, under which the stationary expression for the scatter-
ing length has the minimum character. The condition does not hold true for the electron-hydrogen atom
scattering for the Kohn method and for the second Hulthén method. It is pointed out that a comparison of
approximate values obtained by different methods using the same trial function does not afford any informa-
tion about the “proper source of errors” of the results.

I. INTRODUCTION

HE Rayleigh-Ritz variation principle provides a
very powerful method of calculating the energy
value of the ground state in the quantum mechanical
systems. A remarkable feature of this method is the
minimum nature of the stationary expression for the
energy eigenvalues. The calculated values are always
larger than the true eigenvalue, so far as the lowest
eigenvalue is concerned. A better trial function would
give a lower value for the eigenvalue. On the other
hand, no such a simple rule is known in the variational
methods'™ for the scattering problems. The stationary
expressions for phase shifts have been believed to give
neither minimum nor maximum. One exception of this
statement is found in the Schwinger method. Kato® has
proved that the Schwinger method gives an upper
(lower) bound for & coty (n=phase shift), if the central
short-range potential is everywhere attractive (re-
pulsive), and if the absolute value of phase shift is less
than #. The Schwinger method, which is based on an
inhomogeneous integral equation, can, in principle, be
extended to more complex cases, such as the scattering
of electrons by hydrogen atoms. However, actual
application would be extremely difficult because of the
unclosed form of the kernel of the integral equation.
On the contrary, the Hulthén type variational
methods,’3 which are all based on the differential
equations, have been (and will be) widely used for
many complicated problems. The purpose of the
present paper is to investigate the nature of the ex-
tremum of the phase shift in the Hulthén type varia-
tion principles.
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II. ORIGINAL HULTHEN METHOD.
ONE-DIMENSIONAL PROBLEM

The simplest example in scattering problems, s wave
scattering by a central potential, is considered in this
section. Let #(r) be the (regular, i.e., #(0)=0) solution
of the equation,

Lu(r)= (a*/dr*+W (r)+£)u(r)=0, r=0, (1)

where W (r) is a short range potential function. The
potential is attrative (repulsive) when W(r)>0
(W (r)<0). The normalization of the wave function
can be fixed arbitrarily. For convenience in later
discussions, the normalization is specified by the
following asymptotic form,

2

We seek an accurate value for A by the variational
method. The trial function #,(r) has an approximate
asymptotic form, such as,

u(r) — coskr+X\ sinkr, A=coty, (r— =).

u:(r) — coskr+ (A+AX\,) sinks,

AAN=cotn;, (r— ).

Then we put #(r) and #,(r) as follows,
w(r)=y(r)+coskr+\ sinkr, y(0)=—1, @3)
wui(r)=u(r)+Ay(r)+ A\, sinkr, Ay(0)=0, 4)

where y(r) and Ay(r) will tend to zero rapidly as r
increases. The original Hulthén method imposes the
following condition on the trial function:

f w,Ludr=0. (5)
0

Equation (5) guarantees the extremum property of
the approximate phase shift 5, as first shown by
Hulthén, that is, AA=coty;—cotn is a quantity of
O[(Ay)?]. In order to know the nature of this extremum
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property more clearly, (4) is substituted into Eq. (5).

f weLwdr= (AN)? f W sin2krdr
0

+A)\,fW sinkr (u-+2Ay)dr

+ f AyLAydr=0. (6)

The error A\ of the Hulthén method is calculated by
the formula (6). By using the relation,

f W (r) sinkru(r)dr= @)

we derive the following result:
A(k cotn)=— | f AyLAydr+ (RAN)?
X f W sin’krdr} (14261, (8)

where ek=_fW (r) sinkrAy(r)dr and A(k cotn)=kAM.
|e] should be a small quantity in the practical calcu-
lation. The proof of (7) is easy. The solution of (1) with
the normalization specified by (2) satisfies the integral
equation,

u(r) =X\ sinkr+£! f sinkr <coskrsW (rYu(r')dr’. (9)
0

The symbol < represents the smaller one of r and 7/,
and > the larger one of r and 7. By comparing (2)
and (9) for large r, we get the relation (7). It is clear
from (8) that the extremal nature at the vicinity of
u,=u is determined by the sign of the main term:
Jo*AyLAydr, since the factor (kA>\)2 is a quantlty of
order (Ay)*. By defining A as an “energy” expectation
value of the function Ay (n),

A=— Ay(f)( +W(r)Ay(r>)dr

x| f (Ay(r) e }ﬂ, (10)

we obtain an expression for A(k cotn) =% cotn,—k cotn
correct up to the second order of Ay,

A(k coty)= —fwAyLAydr= (H—-F) f i (Ay)dr. (11)
0 0

Since Ay(0)=0, and Ay(r) tends to zero rapidly at
infinity, therefore Ay certainly belongs to a Hilbert
space. If the system has no negative elgenva.lue for the
hermitian operator — (@2/dr*+W (r)), H is necessarily
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positive. Thus the right-hand side of (11) is always
positive at zero incident energy (k?=0), if there is no
bound state. kcoty at zero energy is related to the
scattering length ¢ by the relation,

(R cotn) pmo=—0a71, (kcotn,) pmo=—a; .

Then (11) tells us the maximum nature of (1/a;),
1 1 1 a—ag
A(—)E———=———= —Hf (Ay)dr=<0. (12)

Accordingly, the original Hulthén method gives an
upper bound for the scattering length except for the
critical case where aa; is negative. When there are
discrete eigenstates, which correspond to bound states,
the minimum property of the scattering length does not
hold any more, because the “energy” expectation value
H can be negative as well. In order to avoid this
undesirable situation, the trial function must be taken
to be orthogonal to the bound state wave functions.
The proof will be given in Appendix I. We do not discuss
this further, since this additional condition on the
trial function may cause a troublesome calculation in
actual application.

Numerical Example

To illustrate the results obtained in the preceding
arguments, we will give numerical examples, assuming
the square well for W(r),

V, 0=r<1,
W(r)= [ (13)
1<r.
The trial function is of the simplest form,
(2—aMr—1%, 0=r=i,
1—ar, 1<r.

The original Hulthén method determines g, by the
condition,

f wLudr=(30a2)!
’ X {10V — (25V —30)a,+ (16V —40)a:2} =0.

The present example, can, of course, be solved exactly.
The exact scattering length is given by

_[1=tan(MYLVIL, i V>0,
_[l—tan(—V)*/[(—V)*], i V<o.

There is no bound state in the system only if V<#%*/4
=2.4674. The values of the scattering length deter-
mined by the original Hulthén variational method are
tabulated in Table I together with the exact values.
It is seen from Table I that the approximate values are
always larger than the exact values when the system has
no bound state, that is, V <«?/4. The same is true for
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V=2.5~4. The latter fact is due to the positive nature
of H in the present exa.mple even for V=4, although
the positive nature of H is not guara.nteed by the
theorem which is applicable for all trial functions. The
approximate values give lower bounds between V=72/4
and 2.5. This is not due to the existence of the bound
state but the different signs between exact and approxi-
mate values. Thus the lower bound nature between
V=m2/4 and 2.5 essentially originates from the singular
nature of the scattering length at V==%/4. At the
vicinity of this singularity, the statement of the theorem
has to be replaced by, ‘“the inverse of the scattering
length calculated by an approximate function gives a
lower bound for the true value,” as the inequality (12)
means properly.

III. SECOND HULTHEN AND KOHN METHODS.
ONE-DIMENSIONAL PROBLEM

The ambiguity and inconvenience appearing in the
actual calculation connected with the use of the
quadratic equation / %,Lu.dr=0in the original Hulthén
method were removed independently by Hulthén? and
Kohn.? Although the principal ideas of these authors for
the improvement of the method are almost the same,
the difference in the normalization of the trial wave
function affects the results in approximate calculations.
We refer to these two methods as the second Hulthén
and the Kohn method. The extremum nature in those
methods will be examined in the present section.

In the second Hulthén method, the way of normal-
izing the wave function is given by (3) and (4). The
stationary expression of % coty is given by

k cotny=k)\g=k)\¢—f wy(r) Luy(r)dr. (15)
0

The error of the stationary value (kAgz) for AA=F coty,
and the error of k\,=k cotn, in the trial wave function
are defined by kAANg=kAg—FkN, and RAN,=FkN—EA,
respectively. It should be noted in this case that A\,
is a quantity of O(Ay) rather than O((Ay)?). ANy can
readily be rewritten in the following way:

Ak cotng)=kANg=kAN,— f w, Ludr
0
=— f AyLAydr—2(kAX,) f kW sinkrAydr
0 0

— (kAN f E2W sin?krdr.  (16)
0

Use has been made of (15) and (6) in the course of
derivation of (16). The sign of the first term on the
right hand side of the Eq. (16) is positive at low energies
if the system has no bound state. The sign of the second
term, however, can be negative as well as positive, if
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TaBLE I. Scattering length calculated by the original Hulthén
variational method is compared with the exact ones. The Hulthén
method gives an upper bound for the scattering length if the
system has no bound state, that is, V <#%/4.

v Original Hulthén Exact value
-1 0.24091 0.23841

& - (6/3) 0.1296¢ - (e/s) 0.1333¢
1 —0.5 ~0.557

2¢.25 - 7¢330 -8. 401

¥

w2/4—0 —61.516 —0

n2/4+0 —61.516 + 0

{ v ¥

2.5-0 — o0 62.161
2.540 + 62.161

¥ 4 4

4 2.1321 2.0925

a |1,

the sign of 2A\, is independent of the sign of the integral
S E7WW sinkrAydr. The sign of the third term depends
on the sign of the potential W(r). Thus A(k cotnx)
can be positive or negative, and on that account the
stationary behavior of the phase shift reached for
#=n in the second Hulthén method has no definite
maximum and minimum, when we just insert some
prepared function #, into the expression (15). However,
according to the revised procedure by Hulthén, the
sign of A\, is not completely independent of the sign of
S EIW sinkrAydr. Let Ay be a given function. On
following Hulthén,® we determine 2AX; by

o(kANg)
d(EAN,)

= -—2( f E7W sinkrAydr
4 (kBAXN,) f W sin2krdr) =0. (17)

We notice that the Eq. (17) is equivalent to the condi-
tion imposed on %,

f Eu, W sinkrdr=1, (18)
which means that

fk‘lAuW sinkrdr=

On substituting the value of 2A\; determined by (17),
we get an expression for ANy,

2
kEANg=— fAyLAydr-l— ( f W sinkrAydr) /
( f W sinzkrdr). (19)

¢ In ordinary notations, Hulthén proposes the equation,
S wLudr/d(kN)=1,
which is equivalent to (17).
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We can see from (19) that £\ gy has minimum character
at zero energy provided that there is no bound state
in the system and that S'7?Wdr>0. In the case of
S kW sin®krdr <0, the extremum nature of the second
Hulthén method is that of the saddle point.

The situation is somewhat similar in the Kohn
method. The stationary quantity in the Kohn method
is tany rather than coty. The normalization of the wave
function is different from the one in the second Hulthén
method, and is specified by the unit amplitude of the
sinkr term,

#y, — A (coskr—4-\, sinkr),

Then the Kohn trial function #; may be set, correct to
the first order of A,
up=2N\"1 (u+ Ay-i—A)\; sinkr) { 1— (A)\g/)\) } ,

where #=7y-+coskr+M\sinkr, and AN=X,—\. The
stationary expression for tany in the Kohn method is
given by

Ai=cotn,, (r— =).

Ak—l — At—l+k—1f Uk (f)L’uk (r)dr. (20)
0

The error of A; is calculated in a similar way as in the
Hulthén method,

(RANL) = (BAN)Y/ (BN)— { fwAyLAydr

0

+2(kAN,) f EW sinkrAydr+ (kAN )
0

X f W sinzkrdr]—i-O(N). (21)
0

The sign of the first term depend on the sign of Z\. The
following three terms have the same forms and same
signs as in Eq. (16) for the second Hulthén method.
Hence the Kohn expression, again, represents the saddle
point character of extremum, when we just insert a
prepared function #, into the expression (20).
However, if we determine A, according to the method
proposed by Kohn, which is written in terms of A\
and AX; as
d(kANL)/3(RAN,) =0, (22)

the resulting expression for A(k cotn) is again similar
to (19), namely

2
kA= — f AyLAydr-l—( f W sinkrAydr) /

( f E2W sintkrdr— (k)\)‘l)-l-O[(Ay)ﬂ. (23)

From (23) we recognize that £\, has minimum character
at zero energy, if there is no bound state and if
S r*Wdr+a>0. (a; scattering length).
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We shall summarize the conditions under which the
second Hulthén and the Kohn procedures give upper
bounds for the scattering length;

no bound state, and

f ?Wdr>0, (Hulthén) (24)
0
no bound state, and

f rWdr+a>0, (Kohn) (25)
0

although we must pay special attention to the location
of the singular point of the scattering length. For
energies near the singular point, where the absolute
value of the scattering length may tend to infinity,
the theory guarantee the lower bound of the inverse
of the scattering length under the condition (24),
or (25).

If we take the unperturbed function as a trial
function, the Kohn method gives the (first) Born
approximation result. Our discussion, however, does
not apply to this case, because we always assume that
the trial function is close to the actual function. With
the Born trial function, AX, is no longer small. It is
=+ indeed! Nevertheless, it has been proved” that the
scattering length calculated by the Born approximation
ag gives an upper bound, if there is no bound state.

ap2a=cag,

where ¢ is a constant which relates to the convergence
radius of the Born expansion.

It may be worthwhile to remark that the error coming
from the term — /" AyLAydr is commonly contained in
three different methods treated in this paper. Conse-
quently, a comparison of the three results would not
provide any idea about the magnitude of /" AyLAydr.
On the other hand, the errors due to terms which have
the factors AN, and (AN)? in (16) and (21) can be
estimated roughly by varying the value of A; a little
bit and by noting that A;—Xz=A;—Ag== A\;. The term
S AyLAydr should be considered as the proper source
of errors.

In the following we shall bring out the merit of the
original Hulthén method for the calculation of the
scattering length. Actual calculational effort involved
in the original method is by no means enormous when
compared with the revised procedures, so far as the
linear trial function is used. The situation may be
explained below. Let the trial function be set in the
form,

wue(r) = i a;ifi(r)+coskr+M, sinkr. (26)
P=1

7T. Ohmura (formerly Kikuta), Progr. Theoret. Phys. 12, 225
(1954); See especially p. 230.
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This leads to the simultaneous linear equations for a;
and A, with the calculated constants c,;, bj, and d;.

2 cigi=bit+Nd;. (j=1, -+ n).
tms]

Then the unknown variable a; is expressed by the form,
a;=B+Dih..

On inserting @, in Eq. (26), we get, with some known
simple constants 4;,

f“‘L“td’=(An' 3 b:By)
b}
A=Y (@:BbD) e
=1

T dDNE=0. (27)

+ (42—
i i=1
All the coeff ¢;; do not appear any more in the formula
(27). The variational calculation of the original Hulthén
method will be easily completed by finding the value
of A; from (27). On the other hand, the second Hulthén
and the Kohn method lead to a similar type of equation,

a4l
Zl cigi=cj, (j=1,--- n,n+1).

Thus the main trouble in the original method over the
revised ones is to solve two inhomogeneous linear
equation of order # instead of one equation of order
n+1. The electronic computers will eliminate this
trouble. The calculating effort of the matrix element
is just the same for the three methods. On that account,
if there is no bound state, the original Hulthén method
is most superior for the calculation of the scattering
length over other methods due to the following two
reasons. If the second Hulthén (or Kohn) method is not
guaranteed to give an upper bound for a, namely, when
the condition (24) (or (25)) is not satisfied, only the
original Hulthén method gives an upper bound for a.
Even when the second Hulthén (or Kohn) method is
guaranteed to give an upper bound for a, the original
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Hulthén method will produce the best result or at least
the same order of accuracy as the other methods. This
is understandable if we compare Eq. (11) with Eq. (19)
and Eq. (23), and assume that the Ay contained in (11),
(19), and (23) are all the same,

kA)\originalv= kA)\H— (AZ/f szdf)
= kA= AY (S Wrtdr-+a) >0,

where A= S kW sinkrAydr.

Numerical Example

We shall take the same example as given in II in
order to understand the general situation of the subject
we already discussed for the one dimensional problem.
The potential (13) and the trial function (14) are the
same. The second Hulthén and the Kohn scattering
lengths are calculated by (15) and (20). We shall write
the results only for completeness.

an=(V/80+7/6—3/V), ap=—V/3,
ar=—(V/3)+[125V%/192(2V —5)].

The calculated scattering lengths for various depths of
the potential in various methods are tabulated in
Table II, where the values of S"Wr*dr and S Weridr+a
are added. The latter quantities appear in the conditions
(24) and (25). We can see from Table II that the second
Hulthén results are not superior to the original Hulthén
when the former is assured to give an upper bound for @.
The Born approximation is not good, though it gives an
upper bound. All values of /Wridr+a have the
negative sign, so we cannot say the Kohn method would
give an upper bound. We also understand from Table II
that — S"AyLAydr may be the main source of error,
because the approximate values in three methods are
much the same, but the exact values are definitely
different from the approximate values.

IV. ELECTRON-HYDROGEN S WAVE
SCATTERING

The arguments developed in II and III can be
extended without difficulty to more complicated cases.
In this section, we shall take up a quantum mechanical
three-body problem, the S wave scattering of electrons
by hydrogen atoms. This problem was systematically

Tasre II. The scattering lengths calculated by various variational methods are
compared to each other and with the exact ones,

v Exact value Original Hulthén Second Hulthén Kohn First Born S Wridr a+ fSWridr
-1 0.23841 0.24091 0.24072s 0.240332 0.3333 —0.3333 —0.0949
€ € € € € € 2¢
€ ——-—0.1333¢ —-—0.1296¢ —=~—0.1296¢* —-——0.1302¢% & — - ——
3 3 3 3 3 3 15
1 —0.5574 —0.5497 —0.5492 —0.55032 -0.3333 0.3333 —0.2241
2.25 —8.401 —7.330 —7.218 —7.342s -0.7500 0.7500 —7.651

» Indicates that these values are not theoretically assured to give an upper bound or a lower bound for the scattering length.
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studied by Massey and Moiseiwitch® among others,?
using the Hulthén and the Kohn methods. The so-called
“effective range approximation” has been shown!® to
produce the Massey-Moiseiwitch results reasonably
well even for high energies. In that approximation, the
scattering length and the effective range are the only
quantities which describe the scattering. In this
consideration, we shall confine our attention to the case
of zero incident electron energy. The effective range
can be calculated if the wave function at zero energy
is known.

The wave function # of the system having two
electrons and one infinitely heavy proton can be written
in the following form,

4 (71,72,712)
=19, (r1,r2,712)+ €/ 2wre(coskro+Ay sinkr,)
+e"2/2zri(coskri+\y sinkry), (28)

where the atomic unit is used, and y tends to zero
rapidly as 7; (or 73) increases. Ay and A_ are cotangent
of the s phase shifts for the singlet and the triplet
states. The wave function # satisfies the fundamental
equation of the system,

i 1 1
Lu= (%A1+%A2+—+———+E)u=o.
1 72 12

The trial function #, differs from » by Ay and A\, term
as follows,

u;—-u+Ay+(

et smkrg e~ sinkr,
=+ A N
2 ry

The original Hulthén method imposes the condition,

futLugdnd'rg=0, (29)

on the trial function #,. Let us first estimate the error of
EX; in the original Hulthén method. With arguments
similar to those in II, we readily obtain the following
formula,

A(k cotn) = kAN,

=—fAyLAyd1-1d1'2/ (k—lfuLvd-rldrg), (30)

where v is defined by

e sinkr, e "2 sinkr,
1

=

(30a)

27!' 1 63 21[' 4]

8H. S. Massey and B. Moiseiwitch, Proc. Roy. Soc.
{(London) A205 483 (1951).

‘M. J. Seaton Proc. Roy. Soc. (London) A241, 522 (1957);
S. Borowitz and H. Greenberg, Phys. Rev. 108, 716 (1957);
]1311'a181;c7le?, Dalgarno, John, and Seaton, Proc. Phys. Soc (London)

thmura Hara, and Yamanouchi, Progr. Theoret. Phys. 20,
82 (1958); 22, 152 (1959).
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The denominator of the right hand side of (30) can be
shown to be unity. The proof will be given in Appendix
II. Equation (30) may be brought into a form very
similar to Eq. (11),

_ R
A(k coty) = (W—E)f(Ay) dridTs,

if we define that W—1% is the expectation value of the
energy for a state Ay, —3% being the ground state energy
of hydrogen atoms. The singlet system of the electron-
hydrogen atom has one bound state with very small
“binding energy” (~0.028). Therefore, the value of W
can be negative, only if the unnormalized “wave
function” Ay is so close to the bound state that the
usual Ritz variational expression gives a positive
binding energy. W is always positive for the triplet
state. A very similar consideration as in II leads to the
following conclusion: the scattering length computed
by the original Hulthén method gives an upper bound
in the triplet state of the electron-hydrogen atom
system. In the singlet state, it will be only presumed
that the same method would also give an upper bound
for the scattering length because of smallness of the
electron affinity.

Consideration about the errors in the second Hulthén
and the Kohn methods can be done with closely
parallel arguments to ITI. We shall just write down the
corresponding equations to (19) and (23),

A(k cotng)=— f AyLAydridr,

2
(fk_lAyL'l)dTlde)

(31

.
T

f E 2 Lvdr 1d‘r 2

A(k cotnp) = — f AyLAydridTy

2
( f k—lAyLvd'rldTg)

+ . (32)
f k™ Lvdridry— (k cotn)™!

The denominator of the second term of (31) has been
calculated at £2=0. This is —5 for the triplet state and
7 for the singlet state. The scattering length, which
equals to — (k coty)™® at k=0, is roughly estimated®1®
to be 2.33 for the triplet state, and 6~7 for the singlet
state. Hence, the second term for each Eq. (31) or (32)
is negative in the triplet state, though the first term
is positive. While the second term for each equation
is positive in the singlet state, the first term has no
definite sign because of the existence of one bound
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state. Thus the second Hulthén and the Kohn method
give neither an upper bound nor a lower bound for the
scattering lengths of electron-hydrogen scattering.

V. SUMMARY OF THE RESULTS

The extremum nature of the ordinarily used varia-
tional methods in scattering problem is investigated.
In general, these methods give neither an upper bound
nor a lower bound for the phase shifts. In the scattering
states corresponding to the lowest energy state, namely,
at zero incident energy of particles if the system has no
“bound state,” however, we can find some cases where
the maximum or minimum nature of the phase shift is
guaranteed.

It has been proved in II that the original Hulthén
method guarantees the minimum nature of the scatter-
ing length, if there is no bound state. In other words,
the Hulthén (original) method gives an upper bound
for the scattering length when we take an approximate
trial function which is close to the exact function and
will converge to the exact value from above as the trial
function is improved. By applying this theorem to
various problems, we understand that the original
Hulthén method gives an upper bound for the scattering
length in proton-proton collision, electron scattering by
hydrogen atoms in the triplet state, electron scattering
by helium atoms, nucleon-deuteron scattering in the
quartet state, nucleon-helium nucleus scattering, etc.
In order to preserve the minimum nature of the scatter-
ing length for the system which has bound states, such
as the singlet state of the negative hydrogen ion, the
trial function must be taken to be orthogonal to the
bound state wave functions. This additional condition
may cause complicated calculation.

The sufficient condition (24), (25) has been derived in
III, under which the stationary expression for the scat-
tering length in the second Hulthén method and in the
Kohn method is minimum. It is shown in IV, however,
that this condition is not satisfied in the case of electron-
hydrogen scattering.

It is customary to compare the results obtained by
different methods but using the same trial function,
in order to get a rough idea of the accuracy of the
results. Concerning this matter, it is pointed out in III
that a comparison of three methods considered in the
present paper does not provide any information about
the term: — fyAyLAydr.

The original Hulthén method, which is not very
complicated in actual application when compared with
the Kohn method or the revised Hulthén method, is
considered to be the best one for the scattering length
calculation, because it has the same nature of extremum
as the usual Ritz method does.

Note added in Proof. 1f the phase shift approaches
zero at the zero energy limit, 3,2 defined in footnote
5 becomes infinity at zero energy. Consequently, the
formula (23) in footnote 5 tells us that the Kohn
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method, as well as the original Hulthén method, give
an upper bound for the scattering length in the one-
dimensional problem, if the phase shift vanishes at
zero energy. A special consideration is needed concern-
ing an associated eigenvalue problem, if this (Kato’s)
method is applied to more complicated cases.
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APPENDIX 1. BOUND STATE CONTRIBUTION TO
JAyLAyd~

It will be shown here that the minimum nature of the
scattering length in the original Hulthén method is
maintained even for the system which has several
bound states, if the trial function is set to be orthogonal
to the bound state wave functions.

We shall consider the one dimensional problem as
treated in IT and III. Let ¢; be the normalized wave
function of ith bound state with the energy E;. The
assumed conditions imposed on the trial function u; are

f u;<pidr= 0.
0

The correct wave function #%(r) is, of course, orthogonal

to ¢;.
o0
f u¢,~dr=0.
0

By using Eq. (4), we get from (A.1) and (A.2) the
following relation,

J

It should be noticed that the magnitude of the right
hand side of (A.3) is of order (Ay)?. The error in the
original Hulthén method is given by (11). Let us
rewrite (11) in order to understand the role of the
bound states more clearly. Ay(r) may be expanded in
o; and ¢(E), the latter representing the correct wave
function normalized to energy E,

(A1)

(A.2)

0

Ay(r) pi(r)dr= —Aklfw sinkro;(r)dr. (A.3)

8=F fiort [ fBemE (A
Yy
By substituting (A.4) to (11), we get,

Q0

~ [ ssravir = Eger [ “Ep(B)E, (AS)

0

where all £; are negative. If Ay in (A.3) is replaced by
(A.4), all terms disappear except one term by virtue
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of the orthogonality,

=—ANg f sinkr¢;(r)dr. (A.6)
0

Thus the coefficients f; turn out to be quantities of
second order in Ay. This means that the sum appearing
in the right hand side of (A.5) is of the fourth order in
Ay. Therefore, the sign of (A.5) is determined by the
second term which is a positive quantity, when Ay
tends to zero. The scattering length is thus a minimum.

APPENDIX II. PROOF OF [fuLvdt=k

We shall prove that the denominator of Eq. (30)
in its right-hand side term is unity.

By following Mott and Massey,"' the (unsym-
metrized) wave function of one electron and one
hydrogen atom may be expanded in terms of the
normalized wave functions of the hydrogen atom ¥,
with coeff F,, (or Gn).

¢(1,2)=(z+ f )Fu(l)wu(z),

- ():+ [ )G,.(z)m(l),

where 1, represents the coordinate of the incident elec-
tron with incident energy k%/2. The function F,(1),
which is the coefficient of the ground state function
¥o(2), is expressed by ¢(1,2), as

gtklri—ry’| (2 2
41!',1’1 l'1l 1 T2

X¥0(2) ¢(1,2)drdrs.

(A.7)

Fo(h') — ezkzl +f

(A.8)

The corresponding expression for Go has no incoming
wave,

eikiri—ry| 2
Go(l‘x') f ———)
4’1f|l‘1—l'1'| 71 T2

X¥0(2) (2,1)dr1drs.

For the S wave part in (A.8) and (A.9), and for large

UN., F. Mott and H. S. W, Massey, The Theory of Atomic
Collisions (Clarendon Press, Oxford, England 1949), 2nd edition,

p- 136

(A.9)
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1/, Fy and G, have the following asymptotic behavior,

sinkry’ +f-) ey’ ,
Fa(tr) > 22 U 10
kfl' 2 krl'
(fo— 1) et
Gty T (A.11)
2 kn’
where
sinkn
si=| ————)%(2)
271y \ry 11
X{e(1,2)£e(2,1)}drdrs. (A.12)

Hence, the asymptotic form of the symmetrized wave
function ¢(1,2) +¢(2,1) is, when only elastic scattering
is possible,

¢(1,2) £9(2,1) — ¥o(2){ (sinkr,/kr1)

+ fre*/kri}, (r,— ),
fa / 1}, (n ) (A13)
— o (1){ (sinkry/kr2)
+ fae* 1/ kra}, (r2— ).
It is clear from (A.13) that
fi: = sinnie nk, (A. 14)
On comparing (28) and (A.13, 14), we can set
P(1,2)£0(2,) |
= 3 (27 sinnge*t/ (w) )y (r1,70,712).  (A.15)

By substituting (A.15) into (A.12), and making use of
(A.14), we obtain the result,

smkn

k
(———) e Uy (ryryrn)dridry=%x-~.  (A.16)
712 2

21rr1

Finally, we calculate Lv by the definition of v, (30a),
1 1\ e sinkr,
Lv=(———— it
r2 712
( ) €2 sinkry
712 21"’ 1 ?

and by comparing (A.16) and (A.17), get

27!"7 2

(A.17)

fuL’l)d‘Tlde =Pk,
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A variation principle is presented for the effective range of s wave scattering. This principle applies both
to the bound state and to the scattering state. It is proved that some of the stationary expressions for the
effective range has the minimum value for the exact solution, thus the calculated value by using an approxi-
mate wave function gives an upper bound for the effective range.

A modified method is also proposed which may simplify the calculation in an actual application. The
stationary expression gives, however, neither an upper bound nor a lower bound.

I INTRODUCTION

HE so-called effective range theory was put
forward originally by Schwinger! with reference
to nucleon-nucleon scattering problems, and afterwards
derived by Bethe? in an illuminating manner. According
to the theory, the scattering in a low energy region is
described by two parameters, the scattering length q,
and the effective range, 7 or p. Hence, all potentials are
equivalent® as far as the low energy nucleon-nucleon
scattering is concerned, provided they correspond to the
a and r,. The course of analyzing the problems is
reversed in the case of atomic scatterings. Here, we
already know the interactions between electrons and
nuclei. We can calculate the cross section in a variety
of approximate methods. For this case, the low energy
scattering is again described by & and ro, if these
quantities' are calculated by using the zero energy
wave function or by “bound state”” wave function. The
purpose of the present paper is to present a variational
method for the effective range. We shall take up the
simplest problem, the s scattering from a central field.
The direct numerical method is applicable for this
one dimensional solution, hence nothing is saved by an
application of variational method for the effective
range in this simplest problem. But the variational
method can be extended to more complicated cases,
where the direct numerical solution is almost impossible.
It has been found that the s scattering of electrons by
hydrogen atoms may be described by the effective
range approximation* up to quite high energies. The
scattering lengths of electron-hydrogen scattering are
now being calculated in our group by the Hulthén
variational method using many parameters. In the
present work, the construction of a variational method
for the effective range is attempted.

* National Research Council Postdoctorate Fellow, on leave
of absence from Department of Physics, University of Tokyo.

1 J. Schwinger, Phys. Rev. 72, 742A (1947); J. M. Blatt and
J. D. Jackson, Phys. Rev. 76, 18 (1949).

2 H. A. Bethe, Phys. Rev. 76, 38 (1949); G. F. Chew and M. L.
Goldberger, Phys. Rev. 75, 1637 (1949).

3 Breit, Condon, and Present, Phys. Rev. 50, 825 (1936).

4 Ohmura, Hara, and Yamanouchi, Progr. Theoret. Phys, 22,
152 (1959).
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II. ZERO ENERGY STATE

Let #(r) be the radial wave function multiplied by
r, for a s state. Then, u(r) satisfies the Schrédinger
equation, with a short range potential [—W (r)].

d*u/dr’+[W (r)+F Ju=Lu=0. (1)
Let %(r) be normalized by,
u(r) — coskr+coty sinkr, «(0)=0. (2)
We expand «(r) in powers of k2 at k*=0,
u(r)=wuo(r)+Ro(r)+---, )

then uo(r) is the solution of (1) at £2=0, and u(r)
satisfies the following equation:

a*v/dr*+W (r)v+uo= Lov+uo=0. 4)

The asymptotic forms and the initial conditions for #o
and v are derived from (2) by expanding in power
series of k2,

k cotn=—1/a+(ro/ )R- - -,

oo 1—2, (r— ), (0)=0, (5)
a
7o 72
1St (1o ), 50)=Le(0)=0, ()

where ¢ and 7, are the scattering length and the effective
range, respectively. We now consider the expression,

f-wLo%vdr, ('w=2v),
0

where w(r) satisfies the following equation and the
conditions,

L02w= 0, (73.)
w(0)=Law(0)=0, w(r) — ror—r+(r/3a). (7b)

The function w(r) is completely determined by (7a)
and (7b). L¢? is a fourth order differential operator, so
there are four independent solutions for w, if (7b) is
not imposed on w. The last condition of (7b) means the
lack of a constant term at large distances. The three
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conditions of (7b) select one solution among the possible
four. The normalization of w is fixed so as to give —1
as the coefficient of 72 at large distances. By taking
variations from the exact solution % and making use of
the following boundary conditions,

dw(0)=0, dw— réro-t(r3/3)5(1/a),

d(dw)/dr — dro+1%6(1/a), Low— —2+(2/a)r,

Lobw(0)=0, Loéw— 2r3(1/a)

d(Lodw)/dr — 26(1/a),
which are all derivable from the conditions (7b), we get
a simple result,

°° d(Ldw) dw
) f wLowdr=w—————Lo(6w)
o dr dr
d(dw) dLew) |®
QUW———— ———W
r dr 0
= —20r0.

Thus the following quantity is a stationary expression

for the effective range,
0

reS=ro+3% f wLgwdr, (8)
0

Our variational principle for 7o may be used as
follows. Let w, be a trial function with » adjustable
parameters ¢;, and satisfy the conditions (7b), where
ro and ¢ should be considered two additional adjustable
parameters, 7o and ¢, By differentiating 7,° by ¢, a¢
and ro;, we get #+2 equations,

a 0
— | wlldwdr=0, (=1, ),

(9a)
dci Yo
a o0
— | wLowdr=0, (9b)
da; Yo
00
— | wldlwdr=—2. (9¢)
Or0: Vo

Equations (9) will determine the 42 unknown
parameters c¢;, a; and 7y, By inserting the determined
values of ¢;, a; and ry; into w;, we get the final approxi-
mate value 7,7 for the effective range.

foT=rm+%f weLo™wdr. (10)

(8) can also be used in a slightly different way. If
we impose the condition,

f wLPwdr=0, (11)
[}

instead of (9c), we have the result, 7,T=ry. This
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corresponds to the original Hulthén method® for the
phase shift. If we know an accurate value for a before-
hand, . is no longer to be adjusted, and (9b) can be
removed from the set of Egs. (9). (9a) and (11) may
be conveniently used to get an upper bound for the
effective range, as explained in V.

In order to obtain a clear picture of the general
behavior of w(r), we write down the exact solution
where the potential is an attractive square well.

V>0, 0=r=st,
W(r)=
0, r>1.

The exact values of @ and #,, together with the solutions
1o and w, are given by (12),

a=1-—(V-1)ttan(V)}, (12a)
B 1
~ - 1
iy
o= sin[ (V)] =—31Lyw; 0Sr=<1, (12c)
sin(V)t— (V)# cos(V)}
1
T M tan(Mi— (V)T cos(V)*{ 7 cosL (V)]
__ Visin[(V)¥] }; 0srs1. (12d)
3[tan(V)i— (V)]

The solutions %, and w are given by the asymptotic

0.8 : : ; T T . ; .

0.4

-08}

-2 . R . L L .
o] r [Xe] 1.8

F1G. 1. w(r) for the square well potential with the
range; unity, and V=1 and 4.

5 L. Hulthén, Kungl, Fysiograf. Sillskap. Lund Forh.
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forms of (5) and (7b) for > 1. w(r) is shown in Fig. 1
for V=1 and V=4.

It is worth noting that the third term of the % coty
expansion can be calculated from %, and w,

1 -]
T f Woo—ugw)dr, (13)
0

where ¢o=1—(r/a), o=ro—r*+(#3/3a) and T is
defined by

1 7o
kcotnp=——+—k+Thkt+- - -.
e 2

Only when the value of |T| is small, can the effective
range approximation be considered good for the energy,
the value of which is by no means small.

III. MODIFIED METHOD

We have constructed a variational method in II for
the effective range of zero energy state. We must first
evaluate the integral, fo*w,LPwdr. The operator Le,
however, may be a very complicated one in an actual
problem, The variational method will be modified in
this section so as to be easier for the actual application,

Consider the following integral:

f (wLoto+2ue*+uoLow)dr,
0

where w and u, satisfy Eq. (7a) and Lowe=0, together
with (5) and (7b), respectively. By taking infinitesimal
variations of w and #%, independently, we get

Gf (wLouo+2u02+uong)dr
0

= f (wLodno+2uduo+ o Lodw)dr

d(duy) dw d(dw) duy |®
=W —6uo () ——dw
dr dr ar ar 0
= 51’0.

Use has been made of the following boundary conditions
in the course of derivation,

w(0) =8u0(0) = uo(0) =6w(0) =0,
dug— —rd(1/a), dw— 7dro+ (r*/3)8(1/a),

Then we have a stationary expression for the effective
range,

(r— ),

Sfo=1'o—f (ZULouo+2M02+uoLow)d7, (14)
0

because the integrand of (14) vanishes, at exact
solution, by the equation (4) and Leuo=0. The expres-
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sion (14) is identical with (8), if we replace u, by
— Lgw/2. But it is essential that w and %, in (14) are
independent, so the nature of (8) and (14), as a func-
tional, is quite different from each other. (14) does not
contain the operator L¢%. This fact may reduce the
effort of calculation, even though the number of terms
in the stationary expression is increased, As to the
application of (14), the differentiation of Sry with
respect to the parameter, say b;, contained in w, does not
give any equation for ;. Therefore, an explicit explana-
tion of the method will be needed.

In view of computing labor involved, a linear trial
function may be most convenient. We shall assume the
following trial function:

()= 3 afir)Fl—ar, w(0)=0, ai=1/a, (15a)
F |

we(r)= 3 bigi(")+7'0t7— 7+ (a,/3)7,
=1
where fi(r) and g;(r) are well damped functions at large

distances. By substituting (15) into (14), we have,
in terms of a number of known coeficients, ¢, -« s,

Sro=roet+cot Z ciait Z cieai+ Z dib;

=1 i~ =1
j=m
r1=n m n
+ Y dibaithactheld+ 3 Lot 3 obiay
4=l =1 =1

+procut-groct 2 siaro
=1

Since Sr, should be stationary for variations of all
adjustable parameters, we get a set of simultaneous
linear equations,

asf'o .

—=d+ 2 dijajto0,=0, (i=1,---n), (16a)
i J=1

631'0 m

—_—= 1+j)a,+q+ Z S.'d«,‘-_-o, (16b)

070¢ =1

asro m n

—=6;+2 2 cija;+ 2 dib;

da; =1 =1

Loy tsae=0, (i=1,---m) (16c),

S,

a 7 m n
bt 2ht Y ligit 3 ot proe=0.
=1 =1

aag

(16d)

The variables b; are not contained in (16a) and (16b),
hence the number. of parameters (biro) should be
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restricted by the number of Eqgs. (16¢) and (16d),
m—+1=n+1.

If m=un, Egs. (16a, b) determine a; (i=1, --- m) and
a;, and Egs. (16¢c, d) determine b; (=1, - - - #) and 7.
If m>n, Eqgs. (16) should be solved as a whole.

Since the function #g(r) is the solution of the
Schrodinger equation at zero energy, it is possible that
#(r) has already been solved by the ordinary variational
method to evaluate the scattering length. If this is so,
n+1 Egs., (16a) and (16b), are unnecessary. We can
obtain the values of b; (i=1, --- m) and 7, from Egs.
(16c) and (16d).

The final approximate value for the effective range
is simply calculated by

Tro=co+ (roetqroet-rat X cioit 2 dibi)/2,
=1 ]

where use has been made of Egs. (16).

The difference between Try and the exact value of ro
is of the second order of errors in %o and w,. An explicit
calculation shows that

ATfo'-:Afo-f [(w+A'w)Lo(uo+Au)
20 A+ (otAu) Lo(ao-+- ) Jr
- f {[2(Au)*+AuLoAw ]+ AwLoAu}dr,

4

where ATro="Try—r, (exact value), Aro=ro,~ro (exact
value), Au=1u,—uy, Aw=w,—w. If the accuracy of w,
is inferior to the one of w;, the error of Tr; is of the
order AwX Au.

IV. BOUND STATE

The effective range can be also defined for bound
states. If the binding energy (v?) is small compared with
the characteristic depth of the potential, the effective
range p thus defined is useful to describe the low energy
scattering. The effective range defined by Schwinger
in the triplet neutron-proton scattering was really
based on the ground state wave function of thedeuteron.

For negative energies, £ in (1) is purely imaginary,
k=—1ie. Equation (1) is now

(Pu/drt)+[W (r)—Ju=Lau=0, u(0)=0. (17)
The solution of (17) has the asymptotic form,
u — cosher-@ sinher. (18)

We can easily see from (2), by extending to negative
energy states, that

k COtNpta 2= eﬁ.

The condition of ¢ being a bound state is e*1=0,
namely cotnp=—1, or 8=—1. Let the binding energy be
v*(y>0). The condition of bound state leads to,

k Cotﬂk'__7== -Y.
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On assuming an expansion in powers of (y*+2%%) at
k=—1iy,

k cotn= —'y+§(72+k2)+0[(72+k’)’], (v; small).

The asymptotic form (18) and the solution of (17) are
also expanded at k= —7v, namely, e=7.

u — cosher- (k cotn/e) sinher
=7+ (v*+#){1/2v[p— (1/7) ] sinhyr
+re7/2v}+OL (v*+£)7],
u(r) =1, (r)+ (Y+E)o()+0((v*+ ).
o(r) satisfies an equation similar to (4),
Lyv+u,=0. (19).

We see from (19) that #,(0)=0 leads to L,v(0)=0, and
L,u,=0leads to L,’v=0. The analogy of the variational
expression at zero energy state suggests that the
consideration of the integral, fo*wL,*wdr, may provide
a variational method at bound states. wis the solution of
the following equation with the specified conditions,

L2w(r)=0, (20a)
w(0)=L,w(0)=0, w— 1/y(p—1/7) sinhyr
+re7/y, (r— =). (20b)

Let us take variations of w from the exact solution,
and we get

6f wL wdr=w

(L,&w) de

AW
d(dw) d(Lyw) |
T ow

Lawy———
dr dr 0

= —2¢~7" coshyrdp— 2¢~"" sinhyrép
=—28p.

The last term of (20b) is important in the derivation,
because we have used the relations,

dw — (6p/v) sinhyr, d(ow)/dr — dp coshyr,
Lpw— 0,
d(L,dw)/dr — 0.

Lyaw— —2¢,
d(Lyw)/dr — 2ye~ ",

The stationary expression for the effective range p is

now given by

ps=p+%f wL,2wdr. (21)
0

The binding energy 7* has been assumed known
beforehand. Usually, a sufficiently accurate value of
the energy is available, so this assumption may not
cause a restriction from a practical point of view. It
will be shown in the Appendix that the inaccuracy
of the binding energy will only give rise to a very
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small effect which is of the second order in the in-
accuracy of the energy.

The variational calculations based on (21) is very
similar to those described in II. On assuming -1
adjustable parameters a; and p; in the trial function
w,(r), which satisfies the condition (20b), we calculate

0

w L 2w dr=0,

(i=1, -+~ n),
da;: vy

(22a)

00

— | wilwdr=—2.
dp ’

(22b)

(22a) and (22b) determine a¢; and p;, and we finally
get the approximate value of p,

0

pT=pg+%f 'I.UzL-yzwtdf. (23)
0
Alternatively, we can set instead of (22), as
— °Q'zzz),L.,’*umirr-O, (i=1,---n), (24a)
da; Vo
f "L wdr=0. (24b)
0

The stationary value of p is nothing but p; on account
of (24b). The variational method (24) is very useful
in that an upper bound for p is given as proved in the
next section.

A modified method corresponding to (14) can also be
developed. By replacing o, Lo, o in (14) by %y, L, p,
and imposing %, — ¢~7", (r— »), we easily have the
corresponding variational method for the case of bound
states.

V. MINIMUM NATURE OF EFFECTIVE RANGE

The minimum nature in the usual Ritz principle is
well-known. The Ritz method always gives an upper
bound for the ground state energy. The original method
of Hulthén has a similar property® for the scattering
length. In this section, it will be proved that the method
(24) guarantees the minimum nature for the effective
range. Consideration will also be made for the method
(11).

The exact solution of (20), w, and the trial function
w, can be set as

w(r)=y(r)+1/v(p—1/) sinhyr+re"/v,
w(0)= L, (0)=0,
A
Aw(r)=w,(r)—w(r)= Ay(r)+—pi sinhyz,

Aw(0) = L,Aw(0)=0,
8 T. Ohmura (to be published). ‘

where y(r) and Ay(r) must tend to zero faster than
re~7". Let us evaluate the integral, Jfo®w.L,2wdr, using
the fundamental equation for % and the boundary
conditions,

f WL wedr = f (wL,*Aw+AwL,*Aw)dr
0 0

0
=—2Ap+}+ f AwL.2Awdr
0

1 00
=— 2Ap’ 1—— f W sinhyrL,Aydr l»
2y,

(Ap)?
72

+ f AyL2Aydr+ f W2 sin*hyrdr.
0 0

By applying the condition (24b), we have the expression
for Ap,

f AyL2Aydr+(Ap/v)? f W2 sin*hyrdr
0 0

" 2Ap= . (25)

1 0
1—— f W sinhyrL,Aydr
2vJ,

The term, fv®AyL,*Aydr, is positive, because Ay(0)=0,
Aye’"/r— 0 (r — =), consequently Ay(r) belongs to a
Hilbert space. The right hand side of (25) is, therefore,
positive so far as the denominator remains positive.
The main term is of course /@AyL,2Aydr. The mini-
mum nature for the effective range at bound states is
thus proved.

pT—p=p—p=A4p
o0

=1 f AyL2Aydr=0, (Ay—0). (26)

0

A similar argument is possible for the method (11).
On assuming first that the scattering length a is a
precisely known quantity, we put

w=y+rog—ri+ A4, A=1/(3a),
w,—w=Aw=Ay+-rArc+r’A4,
where A7, is a quantity of O[(Ay)*] and AA is also
assumed to be O[(Ay)2]. We calculate fo®w;Lo*wdr.

00 o0 00
f w,Lodwdr=Aro f wlordr+AA f wLrdr
0 ] 0

+ f AyLoAydr+O[(Ay)E].
0-

The second term vanishes by the fundamental equation
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and the boundary conditions,
® d(Ler®) dw
f wLiridr=w ——Ly?
0 dr dr
drt d(Lyw) |
Lapy————7p3 =
dr dr 0
We also have
f wL*rdr=—2.
]

The condition ft®w,Lwdr=0 leads to

00

rof —ro=Ar,= %f AyLAydr=0. (Ay—0). (27)
0

The minimum nature of 7y will be valid only for a
restricted class of potentials, when the scattering
length is determined by (9a, b) and (11). We just write
down the expression for the error Ar,.

0 1 00 2
Arg=1% f AyL(,?Aydr—z—( f r3L2Aydr) , (28)
¢
where ’ ’

c= f r3Leridr= f (1274W 42 W?)dr.
0 0

From (28) we can see that 7,T has the minimum nature
only for ¢<0.

VI. SUMMARY

Low energy scatterings can be described by two
parameters, the scattering length and the so-called
effective range. The scattering length a is defined by the
asymptotic form of the wave function of zero energy.
The effective range ro (or p) is also evaluated by the
zero energy solution u, (or by the bound state wave
function #,),

0 r 2
ro=2f [(1-——) —uoz]dr,
0 a

p=2 f (e—uddr, wy— e, (r— ®). (29b)
1]

(29a)

The expression (29a) or (29b) is, however, not
stationary with respect to small deviations from u
(or #,). The stationary expressions for 7o and p are
given in (8) and (21). It has been proved that the
condition (24) guarantees the minimum nature for p.
The same is true for the conditions (9a, 11) provided
that the scattering length is known beforehand. In
view of practical applications, these methods, however,
seem to be not always adequate because of a compli-
cated operator L? in the integral. A stationary expres-

OHMURA

sion (14) for 7, (or p) is devised, which has the operator
L in it instead of 2. (14) may be used conveniently
for approximate evaluation of 7, at the expense of the
minimum character.
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APPENDIX. EFFECT OF THE INACCURACY OF THE
BINDING ENERGY

We have assumed in IV that the binding energy is a
known quantity. It will be shown here that a deviation
A from the exact energy value causes a corresponding
change of the effective range of the order A2

Let the exact value of the binding energy be 4% and
let an approximate value, which we take as the binding
energy, be €. The asymptotic form of w at k*=—¢
can be written as

w—> 1/e(p’—1/€) sinher+ (re=<7/e)+ (A/2€%) (p'—1/€)
X{(1/¢) sinher—r cosher}+0(A?), (A.1)

where A=+~2—¢2 p’ is the effective range at k*=—¢,

namely
d(k cotn)

p’
Aoy 2

p’ is not sensitive to the energy, so it is nearly the same
as p. According to the variational method in IV, we
take a trial function w; of the form,

wy— 1/€(pi—1/€) sinher+re=<"/e. (A.2)
Thus we understand that the trial function w, has an
error of O(A) in the asymptotic form. By allowing this
kind of variation together with the variation dp in the
asymptotic form, we calculate the variation of
S wL 2wdr.

o d(Léw) dw
] f wlL 2wdr=w—————Lsw
0 dr dr

0

d(dw) d(Law)
La—————w
dr dr

(A.3)

0
=—20p’.

There is no term proportional to A in (A.3). This

means that the effect of A to the stationary quantity,

-]
= pi 41 f wiL Zwdr,
0

is that of the second order in A.
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A proof of the Mandelstam representation for the nonrelativistic scattering amplitude is given when the
potential is of the Yukawa form or (by obvious extension) a suitable linear combination of such forms. The
analytic properties of the scattering amplitude as a function of momentum transfer are established by using
only a finite sequence of equivalent definitions of the scattering amplitude. By studying the Born series for
individual partial waves, it is shown in addition that there cannot be an essential singularity at infinity.
Together, these results imply both dispersion relations for individual partial waves and the Mandelstam

representation.

I. INTRODUCTION

N view of both the intuitive appeal and practical
significance of Mandelstam’s conjecture concerning
the analytic properties of elementary particle scattering
amplitudes,! any inroads into the problem of proof must
be accounted of some interest. In the present note, we
show that the Mandelstam representation is valid for
potential scattering with a Yukawa force law.? This
work may then be considered an extension of previous
studies,® which established dispersion relations in the
energy variable for fixed (and limited) momentum
transfer, albeit for a wider class of potentials. Though
the latter work in some respect played little more than
the role of camp follower to the field theoretical hosts,
the present attempts may aspire to providing some
heuristic insight into the more difficult and essentially
untouched field theoretical problem. Of the methods
exposed in this paper, we feel that at least the method of
Sec. II, which establishes the analytic properties of the
scattering amplitude in the momentum transfer variable
for all finite values of the variable may be at least

* Supported in part by the U. S. Atomic Energy Commission.

1 Part of this work was done while the author was a summer
visitor at RIAS, inc., Baltimore, Maryland.

1S. Mandelstam, Phys. Rev. 112, 1344 (1958).

2 At the time of composition, the author had in hand the
following manuscripts bearing on this subject: J. Bowcock and A.
Martin, A Mandelstam Representation in Potential Scatlering
(CERN preprint); Blankenbecler, Goldberger, Khuri, and Trei-
man, Mandelstam Representation for Potential Scattering (Princeton
University preprint); T. Regge, Iniroduction to Complex Orbital
Momenta, (University of Munich preprint). Of these, the first
«establishes only the analytic properties of the individual terms of
the Born series, the second contains essentially the results of Sec.
II of this paper (obtained by studying the Fredholm solution of
the scattering problem), but fails to establish the required be-
haviour for infinite momentum transfer, and the third appears to
contain the elements of a full proof by methods radically different
from those of the present paper. Also of relevance to this problem
is a paper by A. Martin, On the Analytic Properties of Partial Wave
Scattering Amplitudes . . . (CERN preprint). During the con-
ception and execution of this work, the author had in hand only the
first and last-named works. He is indebted to the various authors
for their preprints.

3 The most complete of these is the paper, hereafter referred to
as I, by A. Klein and C. Zemach, Ann. Phys. 7, 440 (1959); see
also the previous work of N. N. Khuri, Phys. Rev. 107, 1148
(1957); S. Gasiorowicz and H. P. Noyes, Nuovo Cimento 10, 78
(1958), and L. D. Faddeev, JETP 35(8), 229 (1959). Results
.similar to those of I have been obtained in unpublished work of
R. Jost and W. Hunziker.
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faintly suggestive of an approach to the field theoretical
problem.

In detail we shall deal exclusively with a potential of

the form,
AV (r)=\ exp(—ur)/r, M

though the work can obviously be extended to a suitable
linear combination of potentials of the type (1). Let ¢ be
the negative of the square of the momentum transfer
variable, s the energy. In I, we have shown that for real
s the exact scattering amplitude f(s,f), exclusive of its
first Born approximation, is an analytic function of £ for
[¢] <4u?.InSec.II, this proof is repeated in a convenient
form and extended to the following theorem : For real s
the (exact) difference between f(s,f) and its nth Born
approximation, f(s)(s,) is an analytic function of ¢ for
[¢| <(n+1)u2 It is moreover, straight forward to show*
that f(ay(s,?) itself is analytic for all ¢, except for branch
points at t=4u? 9u? ---mu® and a pole due to the
potential at ¢=u?. Together, these facts constitute a
proof that f(s,f) is, exclusive of the pole and the cut
from 4p? to o analytic in ¢ for all finite ¢. It follows also
that the dispersion relation in the energy variable is
valid for all ¢.

To establish the Mandelstam or double dispersion
representation it is still necessary to show that f(s,f)
does not have an essential singularity as {¢[—<. We
have so far been unable to carry through this part of the
program directly for the three dimensional representa-
tion of the scattering amplitude. On the other hand, it
is easy to see that such a property would imply a similar
property for the partial wave amplitude 4,(s),

A 1(s)=exp(78:(s)) sind;(s)/s%, 2

and it is shown that this is not the case. We first remark
that the properties of f(s,f) imply that 4 (s) is analytic
for all finite s except for cuts from s=0 to s= o and
from s= — (u?/4) to s= — «. It is then demonstrated in
Sec. ITI (in detail only for the S wave) that A4(s)
approaches zero as | s|— like its first Born approxima-
tion. Indeed, it is shown that the Born series for 4:(s)
converges uniformly in s for sufficiently large s exclusive
of the cuts.

4 J. Bowcock and A. Martin, reference 2,
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From our study of the partial wave amplitudes we
may infer that f(s,¢) does not have an essential singu-
larity in ¢ as [¢[->c0, and that a Mandelstam repre-
sentation follows for it (Sec. IV). We cannot, however,
conclude the exact behavior for large [{| and in this
sense our work is incomplete. The concluding remarks
of Sec. V are concerned with the determination of the
so-called spectral function in the new representation and
with a possible application, especially of the partial
wave relations.

II. ANALYTIC PROPERTIES OF THE SCATTERING
AMPLITUDE IN THE MOMENTUM
TRANSFER VARIABLE

With units in which s=#? where £ is the wave
number, we may write for the scattering amplitude the
integral representation (see Sec. I)

F(k"k)=f(s,0)=fO()
——% f exp(—ik' - )V (r)G(r',r; s)
XV (r) exp(tk-r)d*'d*

=0 f

XG(d',g; 9) a*g'd’q, (3)

Wt (k—a)
fO@)= o1 )

is essentially the Fourier transform of the potential' and

G(r',r; s)=(t'|[s+ie— (—VHAV) ]| 1)

where

= f e "'G(q,q; s) exp(—iq-1)d’g'ddq (5)

is the full Green’s function satisfying the (symbolic)
integral equations,

G=GOFAGOVG=GO+N\GVGO. 6

We recall that 7
GO(r,r; B®)=—exp[ik|t'—t|]/4r|r'—1|. (7)
We first use the form (3) to show that for real s f(s,f)
—fO() is analytic for |¢|<4u? and that the first
singularity actually occurs at #=4u? Toward this end,

we study the possible zeros of a factor such as u?+(k—q)2.
We choose a coordinate system in which

k=Fk(cos38, —sinié, 0),
4= (q1,92,9s) =¢(siny sing, cosy sing, cose), (8)

where 0 is the scattering angle. We are looking for the
zeros of

p+ (k—q)*=p? k- g2—2kg sing sin(y—36).  (9)

Since no solution exists for real 8, we write 8 =6,+46, and
find directly as necessary conditions that

cos(y—361)=0,

coshif,= (u2+k2+g¢?)/2kq sing, (10)
or
2k sinz0= (¢* sin*p) { — g (w*+ £+ ¢%)

Figi[ (u+k2+g%)2— 4k%¢E sin?p |4}, (11)

The expression (11) must be varied with respect to ¢y,
gs, and sing to find that solution with the minimum
value of |¢[, where the latter is given, according to (11),
by the equation,

[1] = |2k sin}8|?= (¢* sin?p)~!
X{(+F+g)* -4k} (12)
The solution is obviously sing=1 and, by straightfor-

ward differentiation, go=0, ¢;2=k*--p2. This yields from
(12), 11

(13)

Thus, as long |¢] <4u?, the integral (3) as well as its
derivatives with respect to ¢ are guaranteed to exist.

We now show how the argument may be extended to
yield more complete information on the analytic prop-
erties of f(s,f) in £. We write (3) symbolically,

f=fO-NVGV

|¢] (minimum) =4y?, =2,

(14)
and]by repeated use of the alternative forms of (6) find
2n .
f=2 fO4Ren
i=0

(15)
(16)

= fentn+Rentn),
fO==N)(VG®)iV,

where

and

Ranin(s,t)=— A2 2(VGOVGYV(GOV)*"

1

(2m) 1

stie—(¢:)? ¥+ (q' —q2')?
(2m)-8 1

stie— (@) w+(ga/—0)?

—_ ( 47r)2n+1x2 n+2 f

XG(d'q; $)——=
#+(q—q.)

(2w)— . 1
stie—ga 4+ (q—k)?
X&qy - - - dq,'dqn- - - Bq1diq’d%q.

an
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We shall prove that R(aat1)(s,8) is, for real s, analytic in
¢ for || < (2n+2)%2, whereas f¢9(s,f), 1740 is analytic
for all ¢ except for a cut from ¢= (i4-1)%u? to .

Toward this end, we perform first the angular
integrations, :

f 1 i, 1
pt+(k—q1)? @2+ (—q)?

1
XdQy- - +dQ——— (18)
W+ (g.—q)*

by successive application of the formula®

fort
a;—n;-n a;—ng-n’

! y
= —dgr 19
fl (1~9®) (e1z—my 1)’ 19

where

ap=(1=9)3la1(1+3)Fex(1-9)F— (1+59}, (20)

since (19) clearly lends itself to iteration. Now let us
suppose (19) to represent the integration over the
direction of q,, the last of the integrations in (18). In
that event,

az= (*+¢*+¢4")/29qn,

a1=d1(Q1,Q2,' Cgn-1,01" 0 " Yn—1, qu)- (21)
If we look for the solution of ajo—ny-n,=0, we are first
led to repeat the reasoning involved in the transition
from Egs., (8) to (12) and (with sing=1) find that
possible solutions are given by

sin}f= — cosy coshif.+i siny (cosh?36,— 1)}, (22)
where v is defined as before (Eq. (8)), but now
coshita=[q(1— )]

X {31 (1+y) te(1—y) P~ (1+99}
=a12/q. (23)
Equivalently (22) implies that
| ¢] =4[ cosh?36,—sin%y ). (24

We must now minimize (24) with respect to its host of
variables. This first of all requires the minimization of
a3 with respect to all variables, except ¢, and 2, i.e.,
with respect to the ones on which it alone depends. We
shall assume (and prove imminently) that this minimum
is in fact given by

a1 =[ (np)?+g.2-+k2]/2kg. (25)

Next we minimize a2, Eq. (20) with respect to ¢, and ¥,
in that order, for fixed ¢. This yields straightforwardly

ar=[(n+1)%*+ ¢+ -]/ 2kg (26)

5In part, the argument here follows that of Bowcock and
Martin, reference 2.

and incidentally proves (25) if one gives a little thought
to the structure of ;. This sequence of minimizations
has now reduced (24) to the form

l I I =q2 [(n—l— 122+ k24 q2]2— 4k%? sin?y}. (26)

But the latter is exactly of the same structure as (12)
with u replaced by (z41)u. We have thus proved that
the minimum value of ¢ for which R(3n41 may possibly
have a singularity is (2n-2)2u2.

It is now simple to see that our reasoning has also
established the analytic properties in ¢ of f(, the
(n+1)st term in the Born series. For its dependence on
tis given essentially by an integral of the form (18) with
g replaced by #’. In the integral (19), then, if this is
again the result of the last angular integration, n;-ns
=cosf. Since a;; is now a real positive quantity, we
deduce that ™ is an analytic function of cosf except
for a cut along the positive real axis starting at the
minimum value of ajs. According to (26), with ¢=|%’|
=k, the cut starts at

cosf=1+4[ (n+1)%?/2k%]= 14 (/2R?), @n

or t=(n+1)%2, as asserted previously. On combining
this result with the previous one for R(sn+1), we conclude
that f(s,f) is for real s analytic in ¢ except along the
indicated cuts.

We now apply these results to the dispersion relation,

J5)= 10+~ [ I (5 (5~ 59
° + pu)/ (1=9), - (28)

where the last term represents the contribution from the
bound states of angular momentum / and energy s,
$1:(t) being polynomials in ¢.® Equation (28) has pre-
viously been established only for —#<4u?. But both
sides of (28) are analytic in ¢ for all ¢ exclusive of the
poles and cut; Equation (28) therefore represents for
real s a relation valid for all finite £. Moreover, since the
right hand side of (28) can be continued in s from real
s, it constitutes a proper analytic continuation of f(s,?)
for complex s, . We have thus arrived at a complete
knowledge of the analytic properties of f(s,f) in its two
variables, except that we still have no information on
the limit of f(s,?) as |¢|— .

In the next section, we shall ascertain that there
cannot be an essential singularity at . At the moment,
however, let us not presume this knowledge. By using
the contour of Fig. 1, we can conclude only that

1 T
Imf(s,)=— f ols,)/ (—0)

T Y42 1
i f Imf(s)/ (=1, (29)

8 The definition of $::(¢) is given in reference 3, It is:a polynomial
in ¢ of degree ..
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Fi6. 1. Contour for the application of Cauchy’s theorem to ex-
press the analytic properties of the scattering amplitude in the
momentum transfer variable.

where T is the radius of a large circle in the £ plane which
represents the contour in the second integral.

Of course, the spectral function p(s) gives the
discontinuity across the cut of the function Imf(s,f). In
actuality, the lower limit of the first integral also de-
pends on s and approaches 4u? as s — o, The only point
about writing (29) and inserting it into (28) at this
stage is to have an explicit representation from which
can be deduced information on the partial waves. We
thus find

(S )
© —
Fs.)=1O )+ f ds f Rmawrn
Imf(s 2
2’L1r2 f f (s —-s) {'—1)
(¢
" b (). (30)
LiSp—S

It need hardly be emphasized here that. in general
Imf(s,%) is not the imaginary part of f(s,f), though it is
convenient to continue the labeling of the function. It
should also be remarked that in writing (30), there is
no a priori assumption that ultimately we shall establish
a double representation with no subtractions other than
those already exhibited explicitly in (30). This matter
will in fact be discussed in Sec. IV.

III. ANALYTIC PROPERTIES OF PARTIAL WAVE
AMPLITUDES

We now turn to. the examination- of the analytic
properties of the partial wave amplitudes, defined as

usual by the equation,

Fst)= ; (2141)41(5)P(cosh),

A —'1 Id P
= [ ACcmPilcofs) D

=exp[#8,(s)] sind;(s)/s%

By remembering that {= — 25(1—cosf) and recalling the
definition (4) of f©(¢), a representation for A,(s) is
readily obtained by applying (31) to (30). We find that

(5)~—">\‘Ql( 2+23)

o5

+— f f dt 'Z’(J; Es_ i’)) (t’+2s)

2f d(cosb) P (cos8)p1:(t)

+2 . (32)

[ Sii—S

Here, Q;(v) are the Legendre functions of the second
kind, defined by the equations,

Q=3 m(e+1)/(o~1),
0:(0) =3+ ln(e+1)/(0—1),
(DO (6) = 2+ 1)0Q:(6)—1011(0),

and the form of the bound state contributions follows
from the remarks in footnote 6.

From (32), we now conclude that 4 ;(s) is analytic for
all finite s except for branch points at the origin (cut
from s=0 to s= ) and at the points s= — (})p?, —u?,
—(9/4)p2, — (16/4)p2?, (cut from s=—1u? to
s=— ), The first branch point arises from the original
behavior of f(s,f) in s, the others from the behavior in 2.
Because of the additional integral in (32), the possibility
is present that 4;(s) has a ring of singularities on or
beyond the circle s= (§) 7. The remainder of this section
is concerned with establishing the actual behavior of
Ai(s) as |s| .

We shall illustrate the method by a study of the s
wave only. A separate paper devoted entirely to the
study of the analytic properties of the partial waves will
contain details of the general case. On dropping the
subscript zero, we write for this case’

s B)—f(A; —F)
A(s) ! . A ) (34)
2ikf(\; —k)

" Equations (34)-(38) may be verified, for example, from the
paper of W. Kohn, Revs. Modern Phys. 26, 292 (1954),

(33)
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where
JO; R)=f(\; &, 7=0) (35)

and f(\; k) is that solution of the wave-equation,

L(@/dr)+R—\V () 1f(r)=0, (36)
which satisfies the boundary condition,
lime* f(\; k) =1. @37

It is given equivalently by the solution of the integral
equation,
J k)=t
k 0
+; f dy' sink(r'—r)V (') f(\; k). (38)

Our method will entail the study of the Born series for
f(\; k,r). By iterating (38), we readily find that

FO D=3 FO0; k),

(39)
n=0
where
JO; br)=e
* doy exp(—ayr)
f(n)()\;k,r)=)\ne—ikrf 1&Xp : !
" al(a1+21k)
das exp(—ayr) (40)

xJ
w  (atas)(ortast-2ik)
doi, exp(—aqur)
(st - - Fan)(oat - - - Fant2ik)

x- [
I

The series (39), (40) makes evident the branch points of
A(s) at s=— ($)p?, —u2, ---. It is now easy to show
(appendix A) that for sufficiently large |£],

F™(\; B)= (A Ink/2ik)"[1+0(1/Ink)],  (41)
or

VARSIt |)\|ln[k[|

Fe0G R 2]k (lnl |)]

It is thus clear that for sufficiently large ||, the series
defined by (39), (40) converges uniformly in k. The
same is true of the series with the sign of % reversed.t We
can conclude from (34) that A(s) is analytic in s for
large s, except for the cuts excluded at the beginning of
this section. Moreover, for sufficiently large s, it is
dominated by its first Born approximation. A similar
result can be proved for arbitrary /. We can thus derive

8 For real %, these results are stated without proof by W. Kohn
reference 7.

the dispersion relation

A(s)=4,9(s)+2 +

i §S—S8;; W

1 f—ﬂ Im[A(s)—A4,9(s")]ds'

s'—s

C;,‘Z 1 fw ImA 1(5")d5’
0

(43)

7 ’

mTY_» § =3

4,9(s)=—\/25)Q:[ (w*+25)/2s].

The derivation, in particular of the bound state
contributions, is given in Appendix B. We emphasize
again that the convergence of the integral is guaranteed
by our results on the Born Series.

1IV. DEDUCTION OF THE MANDELSTAM
REPRESENTATION

From our results on the behavior of 41(s) for large s,
we may be assured that f(s,f) does not have an essential
singularity in ¢ for large 7. We cannot in general conclude
that Imf(s,f) — O as [¢|— 0. If this were so (and in the
absence of bound states), we could write

J6D= 10U+~ f as f L

w (=)(—1)

In the absence of bound states, this result is at least
consistent with unitarity. If bound states occur, how-
ever, Blankenbecler et a/? have shown that the corre-
sponding form of (44) including the bound state terms,
but excluding subtractions in ¢, is inconsistent with the
unitary requlrement ® The exact number of subtrac-
tions required in any given instance remains to be
established, though it is intuitively clear that there
must be an intimate connection between the answer to
this question and the number and kinds of bound states.

V. CONCLUDING REMARKS

Several aspects of our study are worthy of additional
comment. First, concerning the construction of the
spectral function p(s,f), we have nothing to add to
previous remarks which make use of what is essentially
perturbation theory or the combination of the latter
with unitarity.® In any event it does not appear that the
Mandelstam representation per se will find extensive
application in the immediate future. Rather, it seems
that the dispersion relations for the partial waves, Eq.
(43) and its analogues in field theory are most relevant
in this connection. Chew and Mandelstam!® have formu-
lated an approximate method of solving Eq. (13). It
might be of considerable interest to test this approxima-

9 See Blankenbecler ef al., footnote 2. The author is indebted to
N. N. Khuri for emphasxzmg in a private communication that
several assertions in the original version of this paper about the
question of subtractions were incompatible with the results of this
reference.

0°G. F. Chew and S. Mandelstam, Theory of the Low-Energy
Pion-Pion Interaction (Lawrence Radiation Laboratory preprint).
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tion for the problem considered in the present paper,
where exact numerical solutions of the scattering
problem are easily obtained.

Finally, perhaps the most significant aspect of the
present paper is the suggestion that some analogue of the
method of Sec. II may yield an approach to the field
theoretical problem. We hope to be able to amplify this
remark on a future occasion.
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APPENDIX A

We seek the asymptotic value for large 2 of the
integral, Eq. (40), with r=0. We set a;=#8; and find

JResk= ( ) @ik 131031-!-2%)

dBn
Xf . (A1)
wiy (Bt -+ - +Ba) Bt - - +Ba+24)

We perform the §; integral first. Since for large % the
main contribution to (A1) comes from the lower limit,
to obtain the leading term we may set 8;=0 throughout
the integral, except for the factor 817, of course. In this
approximation, the integral must be cut off at its upper
limit. This gives the result after performing the 8,
integration but ignoring the contribution from the upper
limit, that

70 k)N( ) ( ) (/k)62(62+21)

X f i :
ww Bt F+Ba) (Bt - - +Bat24)

The same argument may now be repeated #— 1 times to
give

(A2)

O X; By~ (N Ink/2ik)*{1+O[ (Ink)~1},

as asserted in the text.

(A3)

APPENDIX B
To derive the dispersion relation (43) for 4;(s) we
evaluate the integral,

1 [Al(s')—A;(")(s')]ds'-
— f o (

Ai(s)—A4,9(s)= B1)
27

S

taken around the contour of Fig. 2 which excludes both
poles and branch lines. In the limit as the large circle

F16. 2. Contour in the energy plane used in the derivation
of a dispersion relation for the 1th partial wave scattering
amplitude.

recedes to infinity, it gives, of course, no contributions.
As the remainder of the contour is deformed into an
integral enclosing the cuts and encircling the poles due
to bound states, we thus obtain in a standard way

Ay(s)=4,(s)+~

™

1 f—uz Im[A(s")— 4,9 (s")Jds'

f"’ ImA (s")ds’
0

s'—s

7V s'—s

1 A(s")ds’

——x [Z @
2r; i V; s'—s

where the last sum involves the typical integral f; taken

counterclockwise about an infinitesimal circle enclosing

the jth pole.

To find the residue at this pole, we consider the
formula for A4,;(s) which is the one-dimensional analog
of Eq. (3), namely,

}‘2 0 0
—A4,0(s)—— ULk
Ai(s)=A4,9(s) - j; dr ]; ar'v(kr)V(r)

XKi(rs'; )V (U i(kr'), (B3)

where U ;(kr), proportional to the spherical Bessel func-
tion of order /,
- Ui(kr)=krju(kr), (B4)

is the solution of

[(@/drt)— (I0+1)/)+E]U (kr)=0,  (BS)
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and K;(r,”’;s) is the Green’s function defined by the
bilinear formula, the sum over bound and continuum
states

; k()
Kir; =5 2020
i s—s1;
@10 (1) p1a*(r')
+fds’______’ (B6)

§—s

where, for example ¢;;(r) satisfies

L(@¥/dr)— (0+1)/r))+siiden(n)=AV () e1;(r). (BT)
From (B2) and (B7), we thus find that the contribution
of the bound states to (B2) is

A f ULV (Deus(r)dr| . (BS)

1
7 s15(51,—5)

To evaluate the integral in (B8) we use the following

formula obtainable from (BS) and (B7):

1A [ GU LIV o)

=£§[Uz(d/df)¢zj— eii(d/dU.].  (B9)
Since we have
Ui (s15) ¥~ (28)"{exp[i(s:;)¥r—iglm ]
—exp[—i(sy;)¥r+i3ir ]}, (B10)
and defining ¢;; by the equation,
e1(r)~c1; exp[i(sy;) r—idin] (B11)

(remember that s;; is negative) we readily compute that

Iz=Cszu*. (B12)
We thus find that (B8) is equal to
2ilei|*/ (s—su), (B13)

as required in the text.
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Integration in Functional Spaces and its Applications in Quantum Physics*t1

I. M. GEL’FAND AND A. M. YAGLOM
(Received December 7, 1959)

This translation of the survey article by I. M. Gel'fand and A. M. Yaglom on the theory and applications
of integration in functional spaces in problems of quantum physics was prepared because it was felt that
such a review would be of interest and of use to mathematical physicists working in several different fields.

The article begins with a discussion of Wiener measure, after which the extension is made to the complex
measure introduced by Feynman in his formulation of quantum mechanics, and examples are given of the
use of these methods in quantum mechanics, quantum field theory, and quantum statistical physics. A
comprehensive bibliography of works devoted to the theory and applications of functional integration

methods is included.

T the present time, the methods of measure theory
and integration in functional spaces are widely
applied only in the theory of random processes. It is
already apparent today, however, that these methods
can have great importance for a number of other
branches of mathematics and theoretical physics (pri-
marily for the theory of the differential equations of
quantum physics and hydrodynamics). In the present
paper, we attempt briefly to throw light on the question
of the utilization of these methods in quantum physics!;
at the same time, certain mathematical questions con-
nected with this application will also be examined.
The beginning of the penetration of the methods of
integration in functional spaces into quantum physics,
apparently must be considered as having occurred in
1942 when the dissertation of R. Feynman on the prin-
ciple of least action in quantum physics, containing a
new derivation of Schrodinger’s equation, was defended
in Princeton. This dissertation was never published in
full, but the part of greatest interest to us is contained
in Feynman’s article [1a§], which appeared-in 1948
and recently was translated into the Russian language.
In 1949, an interesting mathematical work of Kac
appeared [2a] (cf. also [2b]]), written, as the author
indicates, under the strong influence of Feynman'’s
dissertation. It is devoted to the calculation of the mean
values of certain functionals over the trajectories of a
Brownian particle with the help of the reduction of this
problem to the solution of differential equations related
to Schrédinger’s equation. A special measure in the
space of continuous functions which gives the distri-
bution of probabilities of distinct trajectories of a
Brownian particle (with neglect of its inertia) plays an

* A review article, presented at the Third All-Union Conference
on the Theory of Probability and its Applications, in Leningrad,
May 30 to June 4, 1955, under the title ‘‘Methods of the Theory
of Random Processes in Quantum Physics.”

t Translated from Uspekhi Matematicheskikh Nauk, Vol. XI
(Jan.—Feb., 1956), p. 77, by A. A. Maradudin, U. of Maryland.

1 This translation was partially supported by the U. S. Air Force
Office of Scientific Research under Contract AF18(600)1315.

! Certain ways of utilizing analogous methods in statistical
hydrodynamics (in the theory of turbulence) were mentioned in
reference [12].

§ Numbers in brackets refer to references in the Bibliography
at the end of the paper.
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extremely essential role in Kac’s work. This measure
had already been thoroughly studied in the twenties by
N. Wiener, and is generally called “Wiener measure.”
Following Kac’s article a series of works by scholars in
different countries appeared developing these same
ideas further (cf., for example, [4]-[8]). We note
further that independently of these works, beginning in
1944, a long series of works was published by Cameron,
Martin, and their collaborators devoted to the inves-
tigation of separate questions connected with Wiener
measure in functional space (cf., for example, [97]-[11],
as well as a series of other works by these same authors);
in recent years, these investigations also partially coin-
cided with works based on the ideas of Feynman and
Kac (cf., references [10b] and [2], [4]).

We enumerated above a series of mathematical works
developing the ideas of Feynman’s work, [1a]. Among
theoretical physicists, however, this work was not suf-
ficiently appreciated in the beginning, apparently due
to the novelty and unusualness of the idea of the possi-
bility of integration in functional space. In any event,
in the first several years after the appearance of refer-
ence [1a] containing in it a new mathematical ap-
paratus, its utilization in physical investigations was
almost only by its author. However, in 1954, suddenly
two works appeared almost simultaneously which in
fact were devoted to the transference of the methods
which were utilized in [1a] for the case of nonrelativistic
quantum mechanics to the quantum theory of fields
(these are the works of Edwards and Peierls [13] and
I. M. Gel’fand and R. A. Minlos [14]). It is curious to
note that there are no references to [1a] in both of
these works; in both cases, the authors were led by a
completely different approach? to the necessity of
introducing the apparatus of integration in functional
spaces. Following [13] and [14], there immediately
appeared a series of analogous works devoted to the
exposition of the fundamental facts of quantum field
theory with the utilization of functional integrals
(references [15-[23a] and host of others); notwith-

%2 In essence, the apparatus of functional integration appeared
in the these works in solving differential equations in the infinite
dimensional space of quantum field theory (the so-called
“Schwinger equations” in variational derivatives).
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standing the fact that no particularly valuable results
have been obtained as yet with the aid of these methods,
at the present time it is becoming ever more apparent
that the future development of quantum field theory
(connected, apparently, with the overcoming of a
number of serious difficulties of a physical character)
will find its mathematical language in just this ap-
paratus.

We will emphasize again that after the appearance
of Feynman’s work [la] investigations related to it
were in fact carried out independently by mathe-
maticians and physicists. In the present article, we will
examine, in parallel as far as possible, works which are
relevant here.

1. INTEGRATION OVER WIENER MEASURE
' IN FUNCTIONAL SPACE

Wiener Measure

We will begin with a definition of Wiener measure in
the space of continuous functions and with an examina-
tion of certain purely mathematical questions connected
with integration over this measure; such an order of
exposition will be most convenient for all that follows.
We examine a particle undergoing Brownian motion
along the x axis under the influence of random impulses

1 b1 b2 bn x12 (xz— x1)2
[ exp[_ e
[‘n’"tl(tz—h) e (tn‘—tn_l)]% a1 a2 an tl t2_tl

The measure (1.3) of the cylindrical set (‘“quasi-
intervals” in the terminology of Wiener) in the space
of all functions, dictated by the conditions

a1<x(t) <by, -+, Gn<x(tn) <bn,

can be extended (by a well-known theorem of A. N.
Kolmogorov [247) to the class of all functions «x(7) of
a continuous parameter 7; this is Wiener measure. It
was demonstrated by N. Wiener [3] that the corre-
sponding measure is completely concentrated on the
class of continuous (but not differentiable) functions
2(7), equal to zero at 7=0, and satisfying the Lipshitz
condition with an exponent of 3— e for any ¢>0. It was
also demonstrated by him that for a wide class of
functionals F[x(7)] (in particular for all bounded and
continuous functionals) in a space C of continuous
functions in the interval [0,£], such that x(0)=0, there
exists an integral over Wiener measure, which can be
calculated in the following manner: the curve z(7) is
replaced by the broken one x,(7), which coincides with
x(r) at the points,

x(0)=0; x(t1)=x11 x(t2)=x?, Ty x(tn)=xn

(where ¢,=t and the points #,, fs, -, #s—1 divide the
interval [0,f] into # equal parts of length At=t/n),
after which the integral of F{ #(7) ] over Wiener measure

(for example, molecular) in the absence of any kind of
systematic forces and being found at time =0 at the
origin of coordinates. Then, if we neglect the particle’s
inertia the distribution of probabilities for its position
at time #7#0 will be described by the fundamental
solution of the simplest diffusion equation,

3/ 0t=Ddy/ (1.1)

(D, the diffusion coefficient, is connected in the case of
Brownian motion under the influence of molecular
forces to the mass and dimensions of the particle, the
temperature and viscosity of the medium by the well-
known Einstein relation), i.e., it will have a density

equal to
1

—-—). 2
(41rDz)seXp( 4Dt (1.2

pu(x)=

For simplicity, we will everywhere in the following
assume that D=1; clearly, this can always be achieved
with the help of a choice of a suitable system of units.
Then, for the probability that the coordinate x(¢:) of
the particle at time #; will be found within the limits
a1<x(t)<by, at time f» within the limits e.<x(fs)
<bg, ---, at time ¢, within the limits ¢,<x%(¢,) <ba,
where 0<¢;<fp- « - <In, we obtain the formula,

(xn—' xn-—l)2

]dxldxz- <odx,.  (1.3)

tn—' tn-—l

is deﬁhed as

f F[x(r):ldwx
¢
i [ e
=[im e xl,...xn
n—>0 (,n.At>n/2 . o ’
22 w1 (xj—2j)?
Xexp[——l— ——J+~1—~J—]dx1- codx,, (1.4)
At =1 At

where Jf¢---dyx denotes an integral over the Wiener
measure d,x, extended over the entire space C, while
the function F(x;- - -®,) of # variables in the right hand
side of the formula is the value of our functional on
substituting in place of x(7) the broken curve x,(r),

F(a1," - - yxn)=Fxn(7)]. (1.5)

Symbolically, the expression (1.4) of the integral over
Wiener measure can be written in the form,

f FLa() Jdu
o4

Xexp‘—ft [dx(f)

0 at

]2017 ]f[ dx(t), (1.4)



50 1.

where IV is a constant normalization factor which is
determined by the condition that

fdwx=1.
c

I:I dx ()

Indeed, if

is replaced by the product of differentials of the “coor-
dinates” x(7) at the finite number of points =1y, &,
«++, In, and the integral

f [dx(7)/dr Jdr
0

in the exponent by the corresponding sum of difference
ratios

é C(t310) — 2(6) B/ (a1,

then (1.4’) goes over into (1.4).

Examples

1. In the simplest case, when F[x(7)] depends only
on the value of the function x(7) at a finite number of
points, the integral (1.4) by definition becomes an
ordinary finite dimensional integral; its evaluation in
this case does not involve any difficulties in principle.
In the particular case when F[x(7) J=x(t)x(ts) - « - 2 (t),
we obtain the well known expressions for the moments
of the Brownian motion process which we have de-

scribed,
f x(t)dur=0
c

f x(tl)x(t‘_’) e -x(tzul)dwxEO,
C

and]in general

(1.6)

f ()2 (t)dur=b(tts) =4 min(t ), (L.7)
c
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fx(tl)x(t2) . 'x(tz’k)dwxsb(tlyt?" ot 7t2k) .
C
=" b(tir tiz) - b(tig,tis) « » - b(binn—s,tize), (1.8)

where the summation in the last formula extends over
all possible partitions of the 2% indices 1, 2, - - -, 2% into
k pairs; (41, 32), (i3, ), - -+, (S2n—1, S28).

2. We examine now one instructive example in
which F[x(7)] depends on all the values of the function
#(7). Let

FLx()]=ex f ' P (i |,

where X is a real number and ()2 0. By substituting
into (1.4),

F(x17x2" . ':xn)=exp{>‘ f: p(jAt)xz(]At)At}
=1

=exp{AA! '21 Pz}, (1.9)
=

where

At=t/n, p;=p(jAt), =x;=x(jAr)  (1.10)
and making use of the well-known formula,
f e f exp(— X ajxjxr)da- - -dxn
» ® 7 k=1
=7r"’2[det(a,-k)]"*, (1.11)

(which is valid on the assumption that (ej) is a
positive definite matrix) we easily find that

f exp’x f ‘ ﬁ(;)ﬁ(f)dr}dwx= lim [D;], (1.12)

where D;(™ is the nth order determinant,

2—A(AL2p, —1 0 0 0
-1 2—\(AL2ps -1 0 0
0 —1 2—\(AL)%ps 0 0
N EE .. Lo (113)
0 0 0 2—N (A% ny -1
0 0 0 —-1 1=\ (AL

To find the limit on the right hand side of (1.12),
one can make use of the following argument. We denote
by D the principal minor of (n—k-1)st order of
the determinant (1.13) situated in the lower right hand
corner ; then, expanding the determinant D, in terms

of the elements of the first row, we readily obtain the
recurrence relation,

Dym= [Z‘A(At)zﬁkJDH—l(") _D’H_z(n),

A<k<n—2). (1.14)
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If instead of Di™ we write D™ (kAt), then Eq. (1.14)
can be rewritten in the form,

D™ (kA — 2D ((k+1)A8)+D™ ((k-+2)Al)
(afy
= ~Ap(BA)D™ ((R+1)A0).

(1.14)

We note further that D,™=1—X(Af)?*p, and D,
=1—=NA22pn+ pa1)+N(AL)*Prpa1, so that

D™ (nAf)=1—\(Al)pn
D™ (nAt)— D™ ((n—1)Al)
At

(1.15)

=)‘(At)[P»—1+Pn
—)\(At)zpni’n—lj-

In this way, D™ (kAf) will be the solution of the dif-
ference Eq. (1.14') satisfying the conditions (1.15).
From this, it may be derived that as #—  the value
of Dy approaches the value at the point kA¢ of the
continuous function D(7) given by the solution to the
differential equation,

[@D(7)/dr¥]+rp(r)D(7)=0 (1.16)
subject to the conditions,
D@)=1, D'(t)=0. 117

Corresponding to this, in view of Eq. (1.12),

j;exp’)\j‘:tp(f)xz(r)dr}dwx=[D(0)]—*. (1.18)

It is natural that all of these arguments will be legit-
imate only when, in representing (1.4) in the form
(1.11), we indeed have in the exponent a positive
definite quadratic form, i.e., when N<min(Ay,As, - - A\s)
where Aj, o, -+, As are the zeros of the determinant
(1.13); it can be shown that in the limit as n— o,
these zeros become the characteristic values of Eq.
(1.16) subject to the boundary conditions D'(f)=0,
D(0)=0, so that X\ must be smaller than the smallest
of these characteristic values. In the simplest particular
case p(r)=1, we will have that D(7)=cos(\)}({—71)
from which we obtain

fexp{)\ftx”(‘r)d‘r Idwx=[sect()\)*]*
C 0

for M<z/2t. (1.19)
The result (1.18) was first obtained by Cameron and
Martin [9c] with the aid of a method of which we will
say more below. The derivation presented here was
pointed out in the work of Montroll [257], which also

contains certain other examples of the direct evaluation
of integrals over Wiener measure.

“Conditional” Wiener Measure

If in Eq. (1.3) we put £,=¢, fix the value of x,=x(f)
=X and do not integrate over this coordinate, then the
corresponding integral defines a certain measure of the
cylindrical set,

a1<x(t1) <b1, tecy a,,“1<x(t,,_1) <bp-1

of a functional space, which can then be extended to the
class of all functions x(7), 0<7<¢. It is not difficult to
verify that the measure of all space here equals
(1/ (wt)}) exp(— X?2/1); the class of functions correspond-
ing to the measure in this case will be the class of con-
tinuous functions x(r), which are equal to zero for
7=0, equal to X at r=¢, and satisfy the very same
conditions of smoothness as in the case of ordinary
Wiener measure. We will denote the integral of a func-
tional F[x(7)] over this new measure extending over
the class Cy,x of all continuous functions satisfying the
conditions x£(0)=0, x(f)=X, by

F[x(T):]dw(t'x)x; (120)

cLx

this integral can be evaluated with the help of a formula
differing from (1.4) only in the absence of an integration
over dx, on the right-hand side. It is clear that

f FLa() = f_ :{ L L) i X (120

so that knowing the integral over du«,x)¥, we can
determine the integral of the same functional over the
measure d,% with the help of a single quadrature.
Together with the measure dw (s, x)x, we will also inves-
tigate the normalized measure

dwi,xy*x=(mt)} exp(X¥/)d i, x)%; (1.22)

the integral of a functional over the measure duw,x)*x
will have the meaning of a conditional mathematical
expectation of the corresponding functional over the
trajectory of a Brownian particle under the condition
that this trajectory passes through the given point X
at the time £.

Together with the measures dy(,x)* and duw,x)*x
assigned on the class C;x of continuous functions
satisfying the conditions 2(0)=0 and x(f)=X, it
sometimes is necessary to investigate likewise the anal-
ogous measures dw(to.Xo; t.X)% and duw(so.Xo; ¢.50*, assigned
on the classes Ct,Xo; t.X of continuous functions satis-
fying the conditions %(#) = X and x(¢)= X Integration
over these new measures, however, easily reduces to the
integration studied by us over the set of curves starting
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at the point x(0)=0, namely?

f F[2(7)Jdw(to, x0; £, )%
Ctg,X ;8. X

- f FLXot2(1) Muteote -x0%  (1.23)
Ci—te:X—Xo

and analogously for the normalized measures “with an
asterisk” (these equations can be taken, if necessary,
as the definition of the measures dy(,, x,; , x)* and
dw(lo,xo; t,X)x).

Examples

1. Just as in the case of ordinary Wiener measure the
integral over dyu,x)x or duwex)** of a functional
F[x(r)], which depends only on the value of the
function x(7) at a finite number of points, reduces to a
simple finite dimensional integral. In the case when
Fx(r)]=2(t)x(t2) - - - 2(tx), the integrals over the meas-
ure dy,x)*x are easily handled and give conditional
moments of the trajectory of a Brownian particle (under
the condition that at the time ¢ this trajectory passes
through the point X):

~

t
j 2wz T =—X, (1.24)
(7% 4 t

and in general,

j;"x [x(tl)—%x][x(h)_%zx]_ N

lokg1
X[ x(teka) — ! X]dwu-x)*xEO: (1.24")
- 21 ts
f lx(tl)——X][x(tg)——X]dw(,,X)*x
ct,x t t
t(ti—1ts)
=by(t ) =——, 0L <l, (1.25)
2
21 12
f [x(tl)——X][x(tg)———X]- -
C4,x t ¢
) tox
X x(tzk)——l—X]dw(t,X)*beg(h,tg,- < ta)
=3 be(ti,in)be(bin tia) - - - be(Fson_ytion), (1.26)

where the summation in the last formula extends over
all possible partitions of the 2% indices 1, 2, ---, 2k
into & pairs: ('il,‘l:z), (1'3,1:4), Ty, (’izk_1,’i2k).

#If the functional F[x(r)]=F[x(r),7] depends explicitly on 7,

then F[Xo+x(7), h++] must appear on the right side of this
formula under the integral sign.
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2, We also examine the integral

j;t,xexP[)\ltp(f)xz(f)d”]dwu,mx=I, (1.27)

where

A=(aj), =2 apbiby, (aj)'=A7",
ik

similar to (1.18). By making use again of formulas (1.9)
and (1.4) (in formula (1.4) it must now be considered
that #,=X, and that it is not necessary to carry out an
integration over x,), we are led to a finite dimensional
integral differing from (1.11) only in the presence of
the term 2(A#)"'Xx,_1, linearly dependent on x,—_;, in
the exponential under the integral sign. We now make
use of the general formula,

n—1

00 00 ”l—l
f f F(3 bx;) exp(— 2 ajxixe)dxy - den s
—ao’ —o0 =1 i k=1
2

T RCE G

(this formula is most easily obtained from probability
theoretic considerations?). With its aid we introduce
a finite dimensional integral of interest to us in the
form,

exp(—X%*/At) p= \
I,.=m j:w exp[u— (¥/c*) Jdu

3 exp[ — (X¥/ A+ (/4)]
B [#D, 1T} ’

At Dl (n—1) ’

4X2 D,
A=

where D;*V is the minor of (#—1)st order lying in
the upper left hand corner of the determinant (1.13),
the lower row of which is moreover multiplied by A¢,
while D,*? is the analogously transformed upper left
hand principal minor of (#—2)nd order of the same
determinant (1.13). The subsequent limiting process is
carried out analogously to the limiting process in
formula (1.12); by taking into account that the ex-
ponent in the formula for 7, after the substitution of
the value of ¢? transforms into

X2 Dl(n—l)_Dl(n--2)

Dl("—l) At ’

¢ After the appropriate normalization the integral (1.28) ex-
presses the mean value of the function F(#) where u= Z b;x; is
a linear combination of random variables distributed according
to a multidimensional normal law with a zero vector of mean
values and a matrix of second moments equal to }(a;z)™; from
this, it develops that # is also normally distributed with a mean
value 0 and a dispersion equal to ¢2/2.
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we easily obtain the final result,

I=[=D,(0)]* exp[- (1.29)

D(0)
D,(0)
where D(0) has the same meaning as in formula (1.18),
while D1(0) is the value at zero of the solution to the
differential equation (1.16) satisfying the conditions,

Di(H)=0, Dy'(t)=—1. (1.30)

By integrating the left side of formula (1.29) over X
from — o to 4, in view of (1.21), we obtain (1.18)
again.

In the special case p(7)=1, we have

D1(1)=6§ sin(A)}(t—r)

from which

H
f exp[)\f ﬁ(r)dr]dw(g,x)x
¢, X 0

)t ]
= [———— cosect()\)*] exp{— M\t ctgt(A\)I X2} (1.31)

T

(it is obvious that this formula is correct only for
M<x/t).

Integral over Wiener Measure of the
Functional exp{ — /3! V[x(r))d7}

The direct evaluation of the integral over Wiener
measure of the functional F[x(r)] with the aid of
formula (1.4) can be accomplished only in extremely
special isolated cases. As a rule, an explicit formula for
the finite dimensional integral on the right hand side
of (1.4) will be absent, and it will not be possible to
carry out the limiting process in this formula in an
effective way.® For this reason, those results are very
interesting which relate the evaluation of such integrals
to more traditional mathematical problems. The most
important of such results is the result of Kac [2],
which is concerned with the connection of integrals over
Wiener measure of functionals of the type

expl - j: V[x(-r)]cir },

where V(x) is a sufficiently “good” function (for
example, continuous and bounded from below®) with
the solution of a certain special parabolic equation.

& Tt is possible, of course, to raise the question of the numerical
integration of integrals over Wiener measure; the first results in
this direction are contained in work of Cameron [10a]. However,
we will not concern ourselves with this question here.

¢ We note that it is entirely possible to consider that the function
V (x) also depends explicitly on 7; in what follows we will write
V[#(r)], and not V[x(-r{r] only for simplification of the
notation.
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We will examine firstly the integral of our functional
over the “‘conditional” Wiener measure dy ¢, x)%:

exp{—j: V[x(T)]dT}dw(g.X‘)x. (1.32)

Ct,xX

Then, according to reference [2] the function Y (X,#)
for >0 will be the solution which approaches zero as
X — £ of the following parabolic differential equa-
tion,

Y(X,1) 10%(X,0)

ot 4 9X?

VXw(X,n, (1.33)

satisfying the condition ¢ (X,0)=8(X), where §(X) is
Dirac’s & function. In view of (1.21), we also obtain
from this a simple formula for the integral of

expl - j; t V[x(f)]df}

over ordinary Wiener measure,

j; expl - fo t V[x('r)]dr]dwx
= [ [ (- [ vEstrreenar)

><I:I da(r)= f " WX DIX. (134)

We note further that the solution ¢(X,t; Xo) of Eq.
(1.33) satisfying the condition ¢ (X,0)=8(X—X) may
also be introduced,

'IJ(X’t; XO)

=f expl—f VIXot+x(r) Jdr {dwit; x—xo)x,
Ce:X—Xo
(1.35)

and, in general, the fundamental solution ¥(X,¢; Xo,t)
of the differential Eq. (1.33) satisfying the condition
Y(X,t)=8(X—X) for i> ¢, will be equal to

¢(X,I; Xo,t0)
¢
= f exp{ —f VEx(T)]dT}dw(to,Xg; tx)%x (1.36)
Ctg,X0:t.X to

[cf. (1.23)]. A general solution to Eq. (1.33) for arbi-
trary initial values ¢(X,to)=vo(X) is also easily con-
structed from the function (1.36); such a solution is

Y(X,h)= f ) Yo(XoW(X,t; Xoto)dXo.  (1.37)
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The simplest method of deriving the results indicated
here apparently is the method proposed by Feynman
in applying it to Schrédinger’s equation; a rigorous
proof of this method (in application to the case
examined by us here) was shown by Blanc-Lapierre and

Fortet [6] and independently by E. B. Dynkin [7a].

Moreover, underlying this method is the circumstance
that in view of the independence of the increments of
the process x(7), the Brownian motion we have de-
scribed, for non-intersecting time intervals, the function
(1.36), which gives the mean value of the functional,

exp[-—jt: V[x('r)]dr}

along all trajectories of this process starting at time
at point Xy and ending at time ¢ at point X, will for
o<t <t satisfy the relation,

V(X1 Xojto)
- f V(X XofW(X 5 Xo)dXs, (1.38)

analogous to the well-known Smoluchowski-Kolmogorov
relation for the transition probabilities of a random
Markov process. From this with certain simple condi-
tions of regularity placed on V(x), it is possible to
obtain Eq. (1.33) in a completely analogous fashion to
Kolmogorov’s derivation of the basic differential equa-
tions for the transition probabilities of Markov random
processes (cf., for example, [26], §52); the term
V(X (X,t), which distinguishes (1.33) from the ordi-
nary diffusion equation (the Fokker-Planck-Kolmo-
gorov equation for the process of Brownian motion)
arises here from the fact that the function (X, ¢+ A¢;
X,t) does not satisfy the normalization condition,

f (AL, X3 1, X)dX 1
(but on the other hand in view of (1.36),

fra [1* f ¥(Xy, 048 X, t)dX1]= V(x)).

-—00

Another very general way of obtaining this and a series
of results related to it is found in the work of E. B.
Dynkin [7b].

It may be thought that the possibility of representing
the solution to the differential Eq. (1.33) in the form
of a functional integral, following from formulas (1.35)
and (1.37), has a very general character. If we first
replace the differential equation by a difference equa-
tion and solve it step by step starting from the initial
values, then the value of the solution at the point
(X,t) appears in the form of a sum extending over all
preceding points of the net; this sum may be con-
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sidered as the sum of the contributions to the solution
from the individual broken curves connecting the
region of initial values with the point (X,f) through a
sequence of neighboring points of the net.

The final expression of the solution in the form of a
functional integral can be considered as a similar sum,
obtained after a limiting process, of contributions to the
solution from all possible continuous paths connecting
the region of initial values with the final point. It is
natural to suppose that such an expression for the
solution will be possible for a wide class of problems
and may present a definite interest for the theory of dif-
ferential equations.” It would be interesting to examine
the question of a similar expression for the solution of
the Cauchy problem for a number of differential equa-
tions differing from (1.33), for which this problem is
well-posed (for example, for the solution of the equation
du/dt=— d*u/dx*). In the following, in the example of
Schrodinger’s equation, we will see that investigations
of even simple differential equations by this means can
meet with very serious difficulties.

The derivation of Eq. (1.33), which has been indi-
cated here, will not in fact be changed if instead of the
integral of

exp!— fo t V[x(f)]dT]

over Wiener measure, i.e., of the mean value of this
functional over the trajectories of the process x(7), of
the previously described Brownian motion, we examine
the mean value of the same functional over the tra-
jectories of an arbitrary continuous Markov process
#(7). In this case, and in the general case, we arrive at
a parabolic equation of the second order differing from
the differential equation for the transition proba-
bilities of the corresponding process only in the term
—V{(X)¥(X,t) on the right side; it is significant that
the equation obtained (as is apparent from its deriva-
tion) depends only on the first and second moments of
the increments of the process for small time intervals,
but does not depend on all the other statistical charac-
teristics of x(7). This circumstance makes it possible to
utilize results relating to integrals of functionals over
Wiener measure for the proof of a wide class of meaning-
ful limit theorems for the sums of independent terms
(see the remarks on the “arcsine law” at the end of
example 1 below, and also the interesting work of U. V.
Prohorov [ 277, which is devoted to a general analysis of
such an approach to the proof of limit theorems). On the
other hand, from here it is possible to obtain one more
method of proof of theorems about the connection of
the function (1.32) with the solution to the differential

7 It is possible, moreover, that in a number of cases the measure
itself will not exist, and there will be only a certain method of
integration for a wide class of “‘sufficiently good” functionals, so
that in this case instead of speaking of measure we must of
‘‘distributions” in functional spaces in the sense of Schwartz,
i.e., of “‘generalized measure”.
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equation (1.33): by replacing the process x(7) by a sum
of discrete independent random values, the increments
of this process for nonintersecting small time intervals,
and arguing that for the limit relations only the first
two moments of the corresponding quantities are im-
portant but not their distribution functions, one can
assume that all of these quantities assume only two
values +A and —A (each with probability one-half),
after which the equation for ¢ (X,t; Xoto) is easily
obtained from a probability theoretic argument in
terms of finite differences, going over in the limit into
the sought for differential equation. This method of
deriving Eq. (1.33) was actually made use of in the
work of Kac [2a].

In the case that the function V(X) does not depend
explicitly on 7, the calculation of the solutionsy (X ,¢; X)
=y (X,t; Xo,0) and

Y (X t; Xoto) =y (X, t—to; Xo, 0)=y(X, t—to; Xo)

of the parabolic equation (1.33) can be related to the
solution of the ordinary differential equation,

1d¢(X)

4

—[V(X)+E]e(X)=0.  (139)

Actually, solving Eq. (1.33) with the aid of Laplace
transforms, we find that the function,

¢E(X)=fwgb(X,t;Xo)e*E‘dt (1.40)

will satisfy the differential equation (1.39); the condi-
tions that ¥(X,f; X ) approach zero as X — £ = and
that it reduce to §(X—X,) as £— 0 go over into the
following conditions on ¢g(X):

¢p(X)—0as X —> £ w;

dox (1.41)

ax

dor
iX

X=Xg~0

X=Xp-}0

(The function ¢(X) itself will be continuous at the
point X.8) The conditions (1.41) uniquely specify the
solution of Eq. (1.39) we need; after it is found, the
function ¢ (X,¢; Xo) is determined from the formulas for
Laplace integral transforms.

8 Making use of formula (1.40) and the conditions which
¥ (X,f; Xo) satisfies, it is easy to prove that

| (Xote)—o(Xo—e)| — 0
as ¢ — 0; after that from the equality,
Xote f‘ [cw/(X,t; Xo) 1oy
Xo—e 0 ot 443

and the condition ¥ (X ,; Xo) — §(X —X,) as £ — 0, the relation

. [avz(Xo-i-e) 6¢E(Xo—e)]

lim

-0 X 0X
is derived.

+V(X)¢]e—mdzdx=o

A different method of reducing the problem of
finding the function ¢(X,¢; X,) to the solution of the
differential Eq. (1.39) is connected with the use of the
expansion of this function in a series of characteristic
functions. Let us suppose for simplicity that Eq. (1.39)
has a purely discrete spectrum of characteristic values
Ey, Ey «-+, Ey, -+, to which correspond normalized
characteristic functions ¢1(X), ¢2(X), <+, @n(X), ¢+ .
Then, the system of functions {¢.(X)} constitutes an
orthonormal basis in Z? while the system of functions
{oa(X)- on(X0)} is an orthonormal basis in the anal-
ogous space of functions of the two variables X and X,.
By expanding (X ,¢; X ) in a series on this basis and tak-
ing intoaccount that Lx=dy/dt, Lx 3= — dy/ 8¢, where
Lx=3%d*/dX?—V(X), so that Lx¢a(X)=—E.e.(X),

Lxon(Xo)=—Emnen(Xo), we easily obtain that the

coefficient @um(f) of ¢4(X)e@m(Xo) in this expansion will
have the form @, () =208,m@.e~Et.2
Moreover, inasmuch as it must be that

!b(X:O:XO):‘S(X""XO):Zn‘ e (X) pn(Xo),

then a¢,=1, i.e.,

!P(X,t, XU)=§=18_EM¢1|(X)<P“(X0). (142)

This formula permits us to determine ¥(X,¢; Xo) in
terms of the known characteristic functions and charac-
teristic values of the differential equation (1.39).

Examples (Kac [2a])

1. Let
1+signX (1 for X>0,
VX)=——= (1.43)
2 0 for X<0.
Equation (1.39) here takes the form,
1d%¢
———(14+E)e=0, X>0
4dX?
(1.44)
1d%¢
-——Ee=0, X<0
44dX?

® With the aid of integrations by parts we easily obtain

Onm (t) © ° G\L(X,l; Xo)
- f f ZA T (X) pm(Xo)iXdXo
ot — V) at

- f f Lt (X5 Xo)on(X) o (Xo)dX X

=f f ‘P(X:t;XD)LX‘Pn(X)ﬂﬂm(Xo)dXdXo

= — Fplnm(t),
and analogously (using the equality —dy¢/ot=Lxo)
Anm(t)
ot
From this follows the relation written down.

= — Emanm (t).
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The solution to this equation, which goes to zero as
X — oo, will be:

A exp(—2(14+E)}X) for X>0

o(X)=
for X<0.

(1.45)
B exp(2(E)}X)

The condition of continuity of »(X) at X=0 and the
condition that ¢’(4+0)— ¢’(—0)=—4 leads to the fol-
lowing values for the constants 4 and B:

4=B=2/[(E)}+(+E)¥]. (1.46)
In virtue of (1.40), (1.32), and (1.34) we will have

f(fexp{— dr }dwx]e"E‘dt
0 C z(7) >0
LA

2 w
=ml f exp[—2(1+E)}X1dX

+ j: i exp[ 2(E)IXJdX ]

(E>1). (1.47)

ZEE—(ltl;-E_)]—i:lgo(_k%) Ero

From this, we immediately obtain
- 1/}
exp{— dr }d r=3 — )t"
f %(7) >0 R RIN\ k&
2

7
/2
= f exp(—¢cos®0)ds. (1.48)
0

m
But, inasmuch as

. t
f exp{— dr }dwx= f ehdF(L), (1.49)
c z(7) >0 0

Tt

where F(f;) is the probability that- the point x(r),
undergoing Brownian motion along the x axis and
found at the origin at time ¢=0, after a time ¢ will be
found on the right (positive) semi-axis during a time
not less than ¢, we see that F({;) must coincide with
the distribution function of the magnitude of ¢ cos%,
where 6 has a uniform distribution in the interval
0<0LK7/2 i,

F(t)= (2/x)} arcsin(t,/1)%. (1.50)

In accordance with that stated on p. 54, this will also
be the limiting (as ¢ — «) distribution law for the
value of positive partial sums of any sequence of ¢
mutually independent uniformly distributed random
values with a zero mean value and finite dispersion
(“the arcsine law”) ; see, for example [287], ch XTI, §5).

2. Let V(X)=CX?2 In this case, Eq. (1.39) becomes

10/ (X)—CX2p(X)=E¢(X); (1.51)
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its characteristic values and characteristic functions, as
is well known (see the solution of Schrédinger’s equation
for an oscillator in any course on quantum mechanics),
are equal to

Eu=(n+3)(C)}

and correspondingly,

(n=0,1,2---)  (1.52)

4C\s 1 : -
o= ) G Lac I el 2513;3)

where H,(z) are Hermite polynomials. In virtue of
(1.42), we obtain from this

'l’(X’t: XO)
“(©)'s L= DO,
m? n=0 2™n!

X H.[(40)1X,] exp[ — (C)N(Xe+X2)].  (1.54)

By making use now of a well-known formula from the
theory of Hermite polynomials (see, for example, [29],
p. 104),

2. R )

a"H .(2)H .(20)
n=0 2””'
1 2—z0* (3—a20)?

= ex (1.55)
(1—a?)t P 2 1—a?

and assuming here z= (4C)X, zo= (4C)1X,, a=¢- (O}
we will have

‘I/(X7t 3 XO)
= (C/m) cosech(C)¥]t exp{— (C)? cth(C)4X?
~+2(C)? cosech (C)#XX,— (C)rcth(C)4X?}. (1.56)

In the particular case Xo=0, the last formula gives

Y(X,H) = (C/x*) cosech(C)¥ ]}

Xexp{— (C)} cth(C)¥X?}; (1.57)
for C= —\ it goes over into formula (1.31) as it should.
From (1.31), by integration over X, it is also possible
to obtain formula (1.18).

Many Dimensional Generalization

If we now understand x(7) to be a many dimensional
random process {x1(7), %2(7), -+, xx(7)} describing
the Brownian motion of a particle without inertia in
an N-dimensional space, then all of our arguments and
all of the formulas (1.32)-(1.42) will remain valid with
the only difference being that the integration over
Wiener measure now must be understood everywhere
as an integration over an N-dimensional measure
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dur=duX1duxs: « -d¥n, the quantities X, X,, etc. as
N-dimensional .vectors, while Eqgs. (1.33) and (1.39)
and the last of their conditions (1.41) change corre-
spondingly into

Y (X,1)
=1 (XN)-V( XWX, (1.33)
1e(X)—[V(X)+E]e(X)=0, (1.39)
and
) de(x)
lim ds=—4, (1.419)

0 Jix—Xo=¢ I

where A is the N-dimensional Laplace operator, d¢/dn
the derivative of the function ¢ along the normal to the
sphere | X—X| =¢, while ds is a surface element of this
sphere (see reference [47, which is specially devoted to
the N-dimensional case). If we wish to obtain the
solution to Eq. (1.33') for a finite region © (for zero
boundary conditions on the boundary of Q), then we
only have to stipulate that V=« outside Q, i.e., in
(1.33) and (1.34)-(1.36) integration is carried out only
over those trajectories x(r), which do not intersect the
boundary of @ (see [5]); choosing the set of trajectories
along which the integration is carried out in a different
way it is possible to obtain other boundary conditions.
Later on we will again return to the question of how it
is possible to utilize these results for obtaining certain
mathematical derivations concerning the behavior of
the differential equation (1.33’); now, however, we will
not delay ourselves on this point, but will proceed im-
mediately to an examination of analogous methods in
quantum mechanics.

2. INTEGRATION IN A FUNCTIONAL SPACE IN
PROBLEMS OF QUANTUM MECHANICS

Case of Quantum Mechanics of a System with a Finite
Number of Degrees of Freedom

In an investigation of problems of quantum me-
chanics, it is natural to begin with the simplest case of
the nonrelativistic mechanics of a system with a finite
number of degrees of freedom; we will proceed in just
this way. As is well known, the state of the system is
completely given by a wave function ¢, a complex
function of the generalized coordinates of the system;
the integral of the square of the modulus of this function
over some region gives the probability of finding the
system in this region. The change of the wave function
with time is determined by Schrédinger’s linear differ-
ential equation, which from the value of ¢ at time t=1#o
uniquely allows the wave function to be determined at
all subsequent times; for the case of the motion of a
particle of mass m in a force field with potential V(X)
the equation has the form,

—hidY(X 1)/ () =1/ Qm)A—V (X)W, (2.1)

i.e., in fact it differs from Eq. (1.33) only in the factor
—1 before the time derivative (the constants % and
#2/2m clearly can be made equal to 1 and % by choosing
appropriate units for measuring mass, length, and time).
The value of the wave function y(X,¢) at time > can
be determined by the value ¥(X,ts) with the aid of the
formula,

V(X 0= f VX ofW(X, 5 Xof)dXe,  (2.2)

—0

analogous to (1.37) (by ¢(X,t; Xo,lo) we denote here
the fundamental solution of Schrédinger’s equation (2.1),
1.e., the value of the wave function under the condition
that at time fp the system was found at the point X,."°
The basic problem of quantum mechanics consists of
finding the function ¢ (X t) or ¢(X,¢; Xy, to).

By following from the fact that (X ,f) is a solution
of the differential equation (2.1), it can be supposed that
a representation of this function in the form of some
“integral over a functional space,” which gives the
contribution of each separate trajectory in the final
solution, is also possible here. This supposition was
adopted by Feynman [1a] in the nature of a postulate.
After this, it is already easy to understand how one
must choose the numerical contribution from the sepa-
rate trajectories in order to obtain a result equivalent
to that following from Schrédinger’s equation: since
Eq. (1.33’) changes into (2.1) by a change of the time
¢ into 4t/% and the coordinate X into (m)*X/(2)%;, then
we will obtain the correct formula for the wave function

(X ,t; Xo,to) by carrying out the same substitutions in

formula (1.36),

‘p(Xat ’ XO)tO)

A el [ ol

X fI dx(r). (2.3)

The integral over dz(r) extends over all continuous
paths connecting the points (Xo,f) and (X,f); N isa
certain normalization constant, determined, for ex-

1 We note that according to (2.2) the function ¥ (X,t) trans-
forms analogously to the probability distribution density for a
Markov process in which ¥ (X,¢; Xo,t) plays the role of a “transi-
tion probability.” By examining the state of the physical system
at successive moments of time £, 1, s, - - -, we will have a chain
analogous to a Markov chain with the only difference being that
the role of the probability density in this case is played by a
complex function ¥ (X) determined at time £, from the known
states of the system at preceding instants of time #o, &, +*+, fn1
by only one value of ¥, at the last of these instants ¢,_1; the square
of the modulus of this complex function will be equal to the
probability density for locating the system. Discussions of the
physical meaning of the differences indicated here between
‘“quantum chains” and Markov chains basic for problems of
classical statistical physics can be found in references [1a], [25].
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ample, by the “unitarity condition”

1) Tl =1,

The meaning of the “symbolic expression” (2.3) is the
same as of (1.4"): it is necessary to break up the interval
[#o,t] into » equal parts by the points &, t1, « - -, tn={,
to consider the # fold integral as analogous to that
which figures in the right side of (1.4) (with the addition
in appropriate places of the factors 4, #, and m), and
to pass then to the limit as # — «. We note immedi-
ately that in an exact accomplishment of this program,
one will come up against definite difficulties: the inte-
grals of rapidly oscillating functions which arise, gener-
ally speaking will not be convergent, and in order to
assign to them a definite meaning it will be necessary
to resort to certain devices, for example, to consider %
as having a small purely imaginary addition, —45, in
the lower half-plane, and only after carrying out all
integrations to pass to the limit as § — 0 (compare the
footnote on p. 184 of the Russian translation of
reference [1a]).

The convention indicated here for the evaluation of
oscillating integrals (2.3) can be illustrated in the
following manner. On replacing # by a complex quantity
f—10, we arrive at the following “complex measure” in
functional space: to the quasi-interval given by the
conditions ¢;<x(#;)<b; (3=1, 2, -+, n) is related a
quantity differing from (1.3) only by the presence in
the exponents of the exponential under the integral
sign of a constant complex multiplier 2m~1(8+1%) in the
right half-plane (and an appropriate change in the
normalization constant in front of the integral). It is
natural that such a complex measure for arbitrary
m>0, 6>0, and R will be just as “good” as Wiener
measure, i.e., it will have just as precise a meaning as
measure in the space C of continuous functions, and it
will allow integration over it of a wide class of func-
tionals, including all continuous and bounded func-
tionals.!! Moreover, it will be possible to prove that a
functional integral over this new measure, defined by
the symbolic expression (2.3) (with complex %), will
represent a fundamental solution of an equation of the
type of (1.33), namely Eq. (2.1) with a complex #%. If
now we let the imaginary part of 7% tend to zero, then
the corresponding fundamental solutions will tend to
the fundamental solution of the original Eq. (2.1). In
this way, although from a parabolic equation with a
purely imaginary “diffusion coefficient” (as, for ex-
ample, Schrodinger’s equation) it is hardly possible to
construct any arbitrary reasonable measure in a func-
tional space, however, the solution of the corresponding
equation can be obtained as the limit of a sequence of
functional integrals corresponding to complex diffusion

L A strict proof of this fact does not differ from the corre-
sponding proof for the case of Wiener measure.
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coefficients, as the imaginary part of this coefficient
tends to zero.? This limit here will play the role of a
representation of the solution in the form of a sum of
“contributions” from separate trajectories, of which we
have spoken earlier, and will “symbolically” be ex-
pressed by formula (2.3).

We turn now from the question of a precise mathe-
matical meaning for the expression (2.3) and will argue
further purely formally. We note first of all that the
expression under the integral sign in the exponent in
(2.3) completely coincides with Lagrange’s function,

L(zx)= (ma?/2)—V(x)
=Lkinetic energy—potential energy (2.4)

for a particle of mass # in a force field with a potential
V (x); therefore, the integral from & to # is equal to the
classical action S(f,f1) (to the integral of the Lagrange-
ian) along the trajectory x(7). From this we see that
formula (2.3) can be rewritten in a still more concise
form,

V(X ,0; Xofo)~ f f exp(;tS[x(r)] 1:Idx(f).(2.s)

In other words, it should be considered that all tra-
jectories give the same contribution to ¢(X,¢; Xo,lo) in
absolute magnitude and differ only in the argument
(““phase”) which is equal to the classical action along
the corresponding trajectory taken with a factor i/A.
After this, just as in the case of integrals over Wiener
measure, it may be proved that (X, Xo,to) is in fact
a fundamental solution of Schrodinger’s equation, so
that the determination of this function indicated here
is equivalent to the usual construction of quantum
mechanics (see reference [1a]).

Until now, we have spoken only of Schridinger’s
equation (2.1) for the simplest case of the motion of a
particle in a potential field. However, the formulated
method of writing the wave function in the form of an
“integral over trajectories” requires only a knowledge
of the classical action function for the problem, and can
easily be extended to the case of motion of any system
with a finite number of degrees of freedom, for which the
Lagrangeian is known. Thus, for example, in the case
of the motion of a charged particle (with a charge ¢)
in a constant electromagnetic field in a three dimen-
sional space, which is characterized by a scalar potential
o(X)=1/(e)V(X), X=(X1,X5X3), and a vector poten-
tial A(X)=(c/e)a(X) (where ¢ is the speed of light),
Schrédinger’s equation also contains terms with a first

2Tt is probable, in general, that for a wide class of functionals
the integrals over a complex measure related to a complex dif-
fusion coefficient D=D;+:D,, D;>0 will tend to definite limits
as Dy — 0. In this way, even for D;=0 we will have a certain
method for the integration of functionals but the corresponding
“integrals” will no longer be related to a completely additive
measure.
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derivative with respect to the coordinates,

W kg N W
—th—=—AYy——{ or—+ar—+Fa;—
ot 2m m aX 1 aX 2 aX 3

ih 1
- ——diva+-——a2+V);l/. (2.6)

2m 2m

The expression for the solution of this equation in the
form of a functional integral obtained with the aid of
the expression, known from electrodynamics, for the
corresponding action function, has the form

‘P(X:t; Xo,io)
1 00 i ot (ma
=Ef—:..fexp[; j;o [T—V(x)+ax]dr]
x I dx(s), (1)

where dx(7)=dx:(v)dxs(r)dxs(7). It is curious to note
that passing here anew from Schrodinger’s equation to
an ordinary parabolic equation with the aid of a change
of variables, the reverse of the one which was used
above for the passage from (1.33’) to (2.1), we find
that the solution of the equation,

4 04 WY
- ='%A¢ —ar az az
ot X, X, .€3

W, (28)

satisfying the condition ¥(X,0)=6(X), is given by the
functional integral

v exp(— [ 7 €x-4 divalix]

+%a2[x(r)])d1+adx(r)})d.,,(,‘,)x, (2.9)

where dy¢,oX is an integration over ‘“conditional”
Wiener measure in the space of continuous vector
functions x(7) in three dimensional space. The last

result apparently has not been encountered in the

literature; it may be of interest in investigations of a
series of mathematical questions concerning the solution
of Eq. (2.8).18

13 An analogous result for a one dimensional parabolic equation
containing a term with a first derivative with respect to the
coordinate can be obtained from (1.32) with the aid of the simple
substitution ¢ (X ,t)=¢o(X)¢(X.#), This fact is closely related with
that circumstance that in electrodynamics the vector potential
having a single nonvanishing component A,, depending only on
the coordinate x;, does not have a physical meaning and can
always be eliminated with the aid of a “gradient transformation.”

Case of the Quantum Field Theory!4

We pass now to an investigation of the quantum
mechanics of systems with an infinite number of degrees
of freedom, quantum field theory. The most important
example of such a theory is quantum electrodynamics,
the theory of the interaction one with another of an
electromagnetic and an electron field; in this case,
however, the original classical equations (the systems
of Maxwell and Dirac equations) are comparatively
cumbersome and cannot be considered as common
knowledge among mathematicians. Inasmuch as all
investigations for arbitrary fields (in any event if the
case of half-integer spin is excluded) are carried out
completely analogously, then in the beginning we
restrict ourselves to an investigation of the simplest
model of quantum field theory, which retains all of the
most characteristic features of such theories, in par-
ticular the presence of an infinite number of degrees of
freedom and nonlinearity. A quantum theory of a field
u(x) in three-dimensional space x= (x1,%2,%3) whose
potential energy is given by the formula,

VTu(x)]= f f f [(gradu)-Fw-FrsTdx  (2.10)

is obtained with such a model. In the case of a one-
dimensional space x the analogous field #(x) with
potential energy

VTu(x)]= f_:[(i—-z)2+x2u2+)\u4]dx (2.10)

admits of a simple mechanical interpretation: #(x) can
be regarded as the displacement from equilibrium of an
elastic string in tension, at every point of which a force
is applied, which depends nonlinearly on displacement
(with a density of force equal to «*x+2\23). In the
three dimensional case for descriptiveness, we may
analogously speak of the oscillations of a three dimen-
sional elastic volume with an applied nonlinear force.
The corresponding mechanical “equation of vibration”
has the form
u

~—= Aut-Ru- 2\ (2.11)
o2

this will be the “classical” (not quantum) equation of
the problem to be investigated. The model of a field
having a potential energy given by (2.10) is very often

4 The construction of a quantum field theory by Feynman’s
method [1a] presented here was described in a report of I. M.
Gel’fand and R. A. Minlos at an All Union Congress on Quantum
Electrodynamics and the Theory of Elementary Particles in
Moscow, in March of 1955. In very recent times an approach to
quantum field theory similar to this one is reported also in ref-
erences [21] and [22]. Another approach to the introduction of
functional integrals into the quantum theory of fields is contained
in the works of N. N. Bogolyubov [15], E. C. Fradkin [16] and
Matthews and Salem [17].
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made use of in contemporary physical literature in the
nature of a very simple model very well suited for an
initial investigation of new methods and for the clari-
fication of questions of principle in the general theory
(it is commonly called ‘“Thirring’s model” after the
name of the physicist who first studied this model).

We turn now to the formulation of the quantum
theory of this field. Instead of a wave function
Y(wy,us, - - un)=y¢(u) (for the case of a system with »
degrees of freedom), we will have here a “wave func-
tional” y[#(x)], depending on the function #(x).!®
Further relations are likewise completely analogous to
the relations of quantum mechanics with a finite
number of degrees of freedom, and we emphasize this
by writing down the relations for ordinary quantum
mechanics and for the quantum mechanics of our
system in parallel (for simplicity we assume here a
system of units in which %=1 and we consider the
“masses” corresponding to all degrees of freedom to
be equal to 2):

Laplacian Operator

n o4
Ay=Y ¢(u) (2.12)
=1 auk
”aw[u(x)]
AYy= X, 2.1%
»[m é[u(x):F ( )

where in (2.12’) the expression under the integral sign
represents the second variational derivative of the
functional y[%(x)].

Wave Equation (Schrodinger’s Equation)

oy
i*é;— —1Ay+V (uy, (2.13)

<9¢
at = — 3¢+ V[ u(x) 1, (2.13)

where in (2.13") Ay is given by (2.12") while V[ «(x)]
is given by (2.10).

Representation of ¢ in the Form of a
Functional Integral

()= f exp('i ft ;{ kéukz(f)—V[u(T)j}df)

(n,¢)

X II

(ky7)=(1,¢0)

(1), (2.14)

15Tt would be more precise to write ¥ (u,f) and y[w(x)]
inasmuch as both the wave function and the wave functional
depend explicitly on 2

M. GEL'FAND AND A. M. YAGLOM

V(a1 fp(fff”( )

— (gradu)?— w4 ut }drdx)

(00, £)

x 1II

(x,7)=(—%,t0)

du(x,). (2.14)

We note that the expression in the exponent under
the integral sign in (2.14’),

STu]= f f f f (9u/ 8t)dxdr— f VL u(x,7) Jdr, (2.15)

is none other than the “classical action” for our field
which can be written in the form

scar= [ [ [ [z,

L= (0u/ot)?—

(2.16)

where

(gradu)®— k2u?—Nu! (2.17)

is the so called Lagrangeian function for the field which
is equal (making use of a mechanical interpretation) to
the density of kinetic energy of the field minus the
density of potential energy. The “classical” equations
of the field (2.11) arise from the variational principle
8S[#]=0 in precisely the same way as in the case of a
system with a finite number of degrees of freedom.

The value of the wave functional ¢{#(x)] completely
determines all physical quantities connected with the
quantum field %(x). In particular, the so called matrix
elements of the .S matrix which are of the greatest
interest to physicists and which give the transition
probabilities from one state into another appear as
variational derivatives of the functional y[#(x)] (see,
for example, [147]).

An analogous expression for the wave functional is
obtained for an arbitrary field with integer spin. In
particular, if we have a certain system of coupled
scalar, vector, or tensor fields #(x), v(x), -+, w(x) in
three dimensional space with a given classical Lagrange-
ian L[u,9,- - -,w], then the corresponding wave func-
tional will be given by the formula,

Ylup, - wl= f expli f f f f 'L[u,v,---,w]dxdr}

X II du(x,7)dv(x,7)- - -dw(x,7). (2.18)

In the case of the so called half-integer spin (i.e., in the
presence of spinor fields), the matter is considerably
more complicated. The additional difficulties encoun-
tered here were overcome in the works of N. N.

Bogolyubov [15], E. C. Fradkin [167], Matthews and
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Salam [17], and in a work especially devoted to this
question by I. M. Khalatnikov [23a].

3. CHANGE OF VARIABLES IN
FUNCTIONAL INTEGRALS

Certain Mathematical Applications
Change of Variables in Functional Integrals

In the preceding part of this report, it was shown that
just as the solution to the ordinary parabolic equation
(1.33") can be represented in the form of a functional in-
tegral, so also can the solution to Schridinger’s equation
(2.1); it was also pointed out that this circumstance to
all appearance has a rather general character. Neverthe-
less, the usefulness of this notation for the theory of
equations was by no means asserted: because we have
written the solution in the form of a special symbol, the
meaning of which is not very simply presented, it
appears that there is little more which can be extracted.!®
In what follows, we will show in several examples that
in fact the situation is not quite like this; it appears to
us, however, that all of the usefulness which is gained
by the introduction of functional integrals can really
be appraised only later on when the algorithmic rules of
operating with functional integrals will be sufficiently
worked out and a sufficient experience in utilizing these
rules will be accumulated.’” At the present time, the
technique of operating with functional integrals is only
beginning to be developed; nevertheless, a series of

interesting results in this direction has already been

obtained in certain cases by mathematicians (by
Cameron, Martin, and their collaborators) and inde-
pendently by physicists (by the latter usually without
strong proofs). It is on these results that we now pause.

It is natural to begin with the question of the rules
for transforming functional integrals by a change of the
“variable of integration” x(r); this question is the only
one that we will examine here. For definiteness, we will
examine only integrals over Wiener measure d,x; at
the same time, it will be convenient for us to utilize a
“symbolic” notation for this measure, which is indicated
in (1.4’). We begin with the simplest question of the
transformation of integrals over Wiener measure by
means of a parallel translation in the functional space C,
i.e., under the following transformation of functions in C

(7)) — y(r) =2(r)+20(7) (3.1)

18Tt is rather clear that on the other hand the connection of
functional integrals with differential equations can be useful for
the study of functional integrals themselves (see p. 33 and the
examples on p. 55).

17 In certain respects, the passage from the task of solving
partial differential equations with the aid of difference schemes
to the task of obtaining them in the form of functional integrals
can be compared to the passage from finite sums to integrals in
finding areas, the solutions to an ordinary differential equation
dy/dx=f(x). It is natural, however, that in order that this
passage be utilized properly it is necessary first of all to learn to
handle the resulting expressions.

[xo(r) is a fixed function in CJ. Formally carrying out
the substitution (3.1) into the right side of the formula
(1.4), we obtain i

%f...fp[x(,-)] exp[~£t:i:2(r)drll()idx(r)

=§7-f---fF[x+xo] exp{—j;t[ii?z(T)

+2:b(r)i:o(r)+a'coz('r)]]I:Idx(f). (3.2)

exp{— fo 'w(f)drl

outside the integral sign on the right-hand side of this
formula, replacing #(r)dr by dx(r), and transforming
back into the usual notation for an integral over Wiener
measure, we have

On removing

J e
=exp[4£ti02(r)dr]ﬁs Flx+x0]
Xexp[—-thxo(r)dx(r)]dwx. (3.3)

[For generality, we assumed that the integral on the
left-hand side is extended only over a subset .S of C;
then on the right-hand side we will have an integral
over the set TS, which transforms into S under the
transformation (3.1).] Formula (3.3) defines the trans-
formation of Wiener integrals under a parallel trans-
lation; it is correct when the right-hand side of (3.3)
has a meaning, i.e., when x,(7) is a differentiable
function on C, having a derivative £4(7) with a bounded
variation. (If these conditions are not satisfied, then
the transformation (3.1), generally speaking, will
transform sets which are measurable over Wiener
measure into nonmeasurable sets; see [10c].) The
proof of formula (3.3) presented here at first glance
appears weak; it is not difficult to realize, however,
that a strong proof is obtained only by a detailed
deciphering of the “symbolic transformations” con-
tained in (3.2) and (3.3) (see reference [9a]).

For the next example, we examine the transformation
of Wiener integrals under a general linear transformation
in the space C,

2(r) = y()=a(r)+ f K(ro)u(o)do=x+Ax. (3.4)
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By reasoning just as in the derivation of (3.3), it is
necessary in this case to keep in mind that under a
linear transformation of the ‘“coordinates” x(r) ac-
cording to formula (3.4), the “volume element”
I1; dx(7) is multiplied by the “Jacobian” for the
transformation; the role of such a Jacobian, which is
obtained by a limiting process from the Jacobian of a
finite dimensional linear transformation of coordinates
x(t), x(t2), * * +, (tn), will be played, as is well known, by
the Fredholm determinant D of the kernel X (4,s),

f F[(7)] exp[— fo ‘ aaZ(T)dT] I:Idx(r)
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« 1 ¢
D=1+Z ._—f “ae
n=1] oy
. K(sl,sl), Tty K(slysn)
Xf A dsi- - -dsn.  (3.5)
° K(smsl); Ty K(smsﬂ)

(In fact, it is in this very connection that the Fredholm
determinant appears in the theory of integral equa-
tions.) By taking this circumstance into account, we
have

1D f Fla+Ax] exp{ - fo ‘ [:i:(r)—}-Ai(T)]’dr} IiIdx(r)

=|D lfFl-x(T)‘i‘j;‘K(T,V)x(tf)du] exp{ - j; t[% f ‘K(T,a)x(a)da]zdr

ie.,

[The symbol T'S has a meaning here analogous to its
meaning in (3.3).] A strong proof of formula (3.7)
[under reasonable restrictions on the kernel K(¢,s5)] is
contained in reference [9b]; it is rather long, but not
complicated in principle [in fact it consists of proving
the validity of the transformation (3.6) in formulas
which occur prior to passing to the limit #— « . In
applications, it is essential that the result which is
obtained also remains valid in the case of a kernel
K (t,5), which undergoes a discontinuity on the diagonal
t=s (for example in the case of a Volterra kernel) ; for
this, it is only necessary during the construction of
Fredholm’s determinant to equate the value of the
kernel on the diagonal to half the sum of its right and
left hand limiting values.

We point out further that formula (3.7) is found to
be correct also for a wide class of nonlinear transforma-
tions of the form,

x(r) = y(r)=a(r)+A[x(7); 7],

where, together with certain other restrictions of the
type of “conditions of regularity,” we also need to re-
quire that the transformation A[x; 7] has a nondegener-
ate “linear part,” i.e., that 4[x; 7] has a “functional
derivative” (variation),

(3.8

e
64 =3;A [x42y; 7Jhmo, (3.9)

TL‘K(T,a)x(o)da]dx(r)—j;‘ﬁ(f)d.,] If)Idx(T), (3.6)

[ [5

L F[#(r)dur=|D| fT et a2] exp{— fo A2 j; ' Ad()dn(n) ’d,,,x.

(3.7

which can be written in the form,

6A=f K[x; 7,0 Jy(o)ds. (3.10)

The role of the “Jacobian” in this case is played by the
Jacobian of the “linear part” of the transformation,
i.e., the Fredholm determinant of the kernel K[x; r,o],
which is clearly a functional of x=x(r). Therefore, in
the corresponding formula (3.7) it is no longer possible
to remove D=D[«] outside the integral sign. In all
other respects, the outward form of formula (3.7) even
for nonlinear 4, as a rule will remain unchanged; in
connection with this see references [9d ] and [117], which
are devoted to the derivation of this formula for dii-
ferent restrictions on A[x; =] (and also the applications
at the end of reference [20a])).

In a number of problems, the utilization of only the
simplest rules of transformation of functional integrals
which have been presented here (which, besides, are the
only known rules at the present time) allows a great
simplification and formalization of all derivations.

Example. We examine the problem of evaluating the
functional integral

J= j; exp[)\ fo ‘p(-r)xz(r)d-r]dwx () 20). (3.11)
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We have already studied this problem previously and
saw that a direct evaluation of this integral with the
aid of formula (1.4) leads to cumbersome investiga-
tions, particularly if it is desired to make such an
evaluation sufficiently rigorous. We will show now that
making use of formula (3.7) enables us to obtain the
result (1.18) very quickly with the aid of purely formal
transformations. Actually, we examine the following
linear transformation of continuous functions on the
interval 0 < 7 <4,

" D()
2 =y~ [ o

x(c)de (0 7LY), (3.12)

where D(o) is the same as in formulas (1.16) and (1.17).
[We assume that A is smaller than the smallest of the
characteristic values of (1.16) subject to the boundary
conditions D(0)=0, D’ (¢)=0; in such a case, D(s) will
not be identically zero on the interval 0<r<¢4]
Fredholm’s determinant here will be equal to

D’ (0)
b= eXp[%f " D) ]
=exp{ —3[logD($)—logD(0) 1} =[D(0) ]} (3.13)

(because for Volterra’s kernel, Fredholm’s determinant
is equal to
¢
exp I %—f K(o',o)da'} ),
0

(o)

_fo'[;_T fo D(:)x(a')da]d‘r
—2 j; '[% fo ' —IZEZ x(ar)da']dx(r)

- f ' [I;E;x()] drt f ———d[x%)]
_ f '2((:; N _”'o

tD"(7)
=— 2(r)dr= nx*(r)dr
fUD()ud f,,(>(> (3.14)

and

] 2 (r)dr

[in view of (1.16)]. Inasmuch as it is very easy to
demonstrate that the transformation (3.12) reciprocally
and single valuedly reflects the space C of continuous
functions on itself (the reverse transformation here has
the form

3(r) > 2(r) =y(1)+D(x) f D/ (a)/[D(0) y(0)do

and is also continuous), then (1.18) immediately follows

from formula (3.7) by substituting into this formula
Flz(r)]=1 and S=C,

1= f du=|D| f exp{ f [—Ax('r)]dfr

~2 fo [E;Ax(r)]dx(r)]dwx. (3.15)

It was just in this manner that formula (1.18) was first
derived in reference [9c].

In an analogous way, formula (3.3) can also be
utilized for the straightforward evaluation of certain
special functional integrals (see for example reference
[9a]).

We note that similar formal transformations can also
be utilized for proving a theorem on the connection
of functional integrals of

exp[ - fo t vEx(T)]dT}

with the solution of the partial differential Eq. (1.33),
of which we have spoken in the preceding section. (See
in this connection the work of Cameron, reference
[10b], where a representation for the solution to
Cauchy’s problem for Eq. (1.33) in the form of a func-
tional integral is obtained in this very way by the use
of a certain special nonlinear transformation A[x;s].)

Use of Functional Integrals for Obtaining Asymptotics
of Characteristic Functions and Characteristic Values
of an Elliptic Differential Equation

To end the present section, we present one simple
example which shows that in certain respects the use of
functional integrals can be very helpful for the study
of differential equations. In particular, following the
work of Ray [5], we examine the question of obtaining
with the aid of functional integrals a series of results
which concern the asymptotic behavior of the charac-
teristic functions and characteristic values of the
elliptic differential equation (1.39") for a nonnegative
V(x).

As we have already seen, the characteristic functions
¢ (X) of Eq. (1.39") are connected with the functional
integral (1.35) over conditional Wiener measure
dw(, x)y% by the relation (1.42); in this, it is supposed
that Eq. (1.39) has a discrete spectrum,'® but it is
assumed that (1.39’) is studied only in a certain region
Q of an N dimensional space (with zero boundary con-
ditions) ; in the last case, it is only necessary to extend
the integration over du(, x)% in (1.35) only over con-

18 We note that the discreteness of the spectrum for the case
when V(X)— o for X — « or when the equation is studied
only in a finite region can also be established from probability
theoretic considerations relevant to the introduction of func-
tional integrals (see reference [5]).
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tinuous curves x(r) which do not leave the region Q. We
note now that

[ duwor=1/Cemyr]
t,0
for arbitrary #>0%; from this, it is easily obtained that

¢/(X,t;X)=f exp[——f‘ VIX4x(r)]dr {duw,0x
1,0 0

ast— 0. (3.16)

~

(wt)N /2

(In the case of integration over only the set of curves
which are distributed in the interior and on the bound-
ary of €, the last expression will be exact for any arbi-
trary internal point X of the region €.) In this way, we
obtain

1
Y 0, 2(X)eErt=y(X,0; X)~( ast—0. (3.17)

Gy

By making use of the Tauberian theorem of Hardy-
Littlewood-Karamata (see, for example, reference [30]
page 208), we immediately obtain from this the follow-
ing important asymptotic relation,

ENI2
=V ATL(N/2)+1]

This relation can also be obtained by other means;
however, the derivation presented here seems to be the
simplest and shortest.

For Eq. (3.18) in a finite region Q, the sum on the
right-hand side of (3.18) can be integrated term by term
over dX (or we can integrate both sides of (3.17) over
dX and apply the corresponding Tauberian theorem to
the result); in this way we come to an asymptotic
formula for the number N (E) of characteristic values
smaller than E,

NE)= 2 1

En<E

T o2(X)~ as E— . (3.18)

En<E

EN2 mesQ _
wNVIT[(N/2)+1]

where mesQ is the Lebesgue measure of the region .
Thus, we have very rapidly obtained the most important
asymptotic relation of the theory of elliptic differential
equations and immediately in a very general form (see
the derivation of particular cases of (3.19) in reference
[31], chap. 6).

In the case of an unbounded region @ (in particular
for an equation in all space), the considerations pre-
sented here can also be made use of for obtaining [under
certain conditions concerning the smoothness of the
function V(X)] the asymptotic form of the function

as E— o, '(3.19)

B This relation was written above only for the case N=1; it
is not difficult to see, however, that it will also be valid for
arbitrary N.
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N(E) for large E, but here it is already not as simple
(see reference [5]).

4. THE UTILIZATION OF FUNCTIONAL INTEGRALS
IN QUANTUM PHYSICS

In Sec. 2, it was shown that the wave function of a
quantum system can be represented in the form of a
certain functional integral, whereupon its determination
is completely equivalent to the usual determination of a
wave function as a solution of Schrédinger’s equation.
From this, it is clear that all results obtained with the
aid of functional integrals will exactly coincide with the
results obtained by older methods. It is natural to think,
however, as is usual in similar situations, that in investi-
gations of certain questions one of the indicated ap-
proaches will appear more convenient, while in investi-
gations of other problems another, so that both of these
approaches can be of definite practical interest. At the
present time, the utilization of the functional formula-
tion in the solution of problems of quantum physics is
only just beginning, and moreover, it is strongly held
back by a general lack of development of the corre-
sponding mathematical apparatus; none the less, a series
of questions in the study of which this formulation offers
notable advantages has already been cleared up now.
In what follows, we examine several simple examples of
this type; other examples of obtaining physically inter-
esting conclusions with the aid of functional integrals
can be found in references [1aJ-[1d], [13-[23a].

Classical Limit and Quasi-Classical
Approximation

It is well known that the square of the modulus of a
wave function of a particle at any moment of time ¢
gives the probability density for finding the particle
at this moment at different points of the space (in the
case of an arbitrary system it is necessary here only to
replace the ordinary three dimensional physical space
by a space of generalized coordinates). Formula (2.3)
or, more generally, (2.5) presents this probability
density in the form of a sum of contributions over dif-
ferent trajectories of the motion of the particle which
end at the investigated point. If in the above mentioned
formula the integrals are restricted only to the trajec-
tories which lie in a certain portion  of the space, then
the square of this integral gives us the probability
density for the particle, at the point X, at time £, to
appear at time ¥ at the point X, and, moreover, for all
times between £y and ¢ not once to go outside the limits
of 2.2 This circumstance enables us, proceeding from

2 The neglect in (2.5) of the trajectories which go outside the
limits of ©Q, in view of the meaning of this functional integral
indicated on p. 57, is equivalent to the assumption that V (X)= =
outside 2, i.e., to the assumption of the. existence along . the
boundary of Q of an absolutely inpenetrable barrier (compare
with the remarks on the representation of the fundamental solu-
tion of Eq. (1.33’) in a finite region in the form of a functional
integral). ’
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formula (2.5) to establish in the shortest way the con-
nection between classical and quantum mechanics.
Since for small # the exponential function exp{(i/#%)
X S[x(7)]} oscillates extremely rapidly even for small
changes of S, for such # the contributions from neigh-
boring trajectories, generally speaking, will mutually
cancel out; the exception is that trajectory in the neigh-
borhood of which the “phase” S[x(r)] changes most
slowly, i.e., for which 8S5[x()]=0 (compare with the
method of stationary phase in mathematical physics).
But the last condition determines precisely the tra-
jectory of classical mechanics, and moreover constitutes
Hamilton’s principle.

In this way, the terms which correspond to the
classical trajectory, or which are close to it play the
basic role in the integral (2.5) for very small # (prac-
tically speaking the entire integral arises from the
contributions of those trajectories which are enclosed
in a narrow tube which surrounds the classical tra-
jectory); in the limit # — 0, the particle definitely will
move along some arbitrary classical trajectory. We
note further that it is clear from this that in the
“classical” approximation it is necessary to regard
Y(X,f)~eSl, where S is the classical action of the
system.

This result, clearly, can also be obtained from
Schrédinger’s equation (see for example [32], p. 149),
but there it is much less simple and obvious.

The foregoing considerations also enable us to
obtain the further corrections to the classical result, i.e.,
the succeeding term in an expansion of the wave
function in a series of powers of #. Indeed, expanding
the functional S[x(r)] about the classical trajectory
#q1(7) in a functional ‘“Taylor series” we have

SCx(r)]=Sar+ 30STra () T3S (N I+ -+, (1)

where 62S[x.1(7) ] is a quadratic functional with regard
to the function

y(1)=x(r)—xalr), (4.2)
namely,
4 reL 6L
sstra)= [ || v+r—]  y0ie)
{0 Sx? T=2z¢] 0X0L |z =2c1
8L
+— yZ(T)]d'r, (4.3)
0%? T =xe]

where L is Lagrange’s function. Furthermore, taking
¢St outside the functional integral sign and retaining
only two terms of the “Taylor’s series” (4.1), we obtain
the functional integral of an exponential which contains
in the exponent a quadratic functional (it is clearly
necessary first of all to carry out the “parallel trans-
lation” (4.2), p. 61). The last integral can be evaluated
with the aid of the formulas for finite dimensional
integrals, (1.11) and (1.28); it gives the correction of

the next order in # to the wave function equivalent to
the so called “‘quasi-classical approximation” of quantum
mechanics.!

In courses on quantum mechanics the quasi-classical
approximation is usually studied primarily for problems
of determining characteristic values; it is just here that
it gives the most concrete and practically interesting
results (it leads to the quantization conditions of Bohr).
Mathematically, these results coincide with the asymp-
totic formulas for the large characteristic values of the
differential equation (1.39’); in this way, the theory of
the quasi-classical approximation ties in here with the
question studied on p. 63. In particular, if in Eq. (1.39")
we multiply all terms by 2#?/m, then the result (3.19)
for a three-dimensional space transforms into the fol-
lowing: in the case of Schrodinger’s equation in a finite
region € for small %, the number of characteristic values
smaller than E will be equal to (2)*m}/(322%3) E} mesQ2
where mesQ is the volume of the region Q. Since for a
region of volume mes(, a volume 8 (2)xmiE/ (3)~! mesQ
corresponds to the values of energy less than E in the
six dimensional phase space of a particle, the space of
the pair (x,p), where x is the coordinate and p the
momentum, so that p= (2mE)} we see from here that
to each characteristic value there corresponds a cell of
volume Av=1/(2n%)? in phase space, while the number
of characteristic values related to the element of volume
Ap-Ax in phase space is equal to Ap-Ax/(2x%)3. This
result is one of the important conclusions of the quasi-
classical theory ; it would be very interesting to consider
the possibility of extending it simply, with the aid of
“functional”’ methods, to the case of motion in an
unbounded space (the first steps in this direction are
contained in reference [5]).

The Evaluation of the Statistical Sum of
Quantum Statistics [37]

Statistical integrals in the field of statistical physics
can have applications similar to those investigated
above. As is well known, in a statistical study of the
thermodynamic properties of quantum systems a basic
role is played by the “statistical sum,”

Z=3 nePEn B=1/kT, (4.4)

where k is Boltzmann’s constant, 7" is the absolute
temperature, and the sum is carried out over all charac-

21 A proof of the fact that the approximation obtained with the
aid of two terms of the series (4.1) gives us a wave function exact
to terms of order # (i.e., equivalent to the “‘quasi-classical ap-
proximation’’) is contained in reference [33]; some examples are
also given there. We note, however, that the strictness of the
quoted proof is substantially lowered due to the fact that the
question of the precise meaning of the functional integrals studied
was not discussed.

Further examples of the ‘“quasi-classical approximation”
obtained in this manner for concrete quantum mechanical
problems are contained in a recent large work [36].
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teristic values E, of the energy operator H of the
system under investigation.? As an example, we inves-
tigate the simplest problem of the one dimensional
motion of a particle of mass m in a force field with a
potential V(X); here clearly,

w92

H=——
2m 0X?

+V(X). (4.5)

By making a change of variable X — [(2)¥%/(m)¥]X,
we bring this operator into the form

1 92 (2)'n :
Hy=—-—kF V(—X : (4.6)
4 4X? (m)}
which coincides with the form of the operator in Eq.
(1.39). According to Egs. (1.35) and (1.42), we obtain
from this the result that

¥(X,8; X)

= f Mexp[— f ﬂ V[%(X“i—x(‘r))]df}dwwmx

=3 on}(X)eFEn (4.7)

and (since the functions ¢,(X) are normalized),

A
X(X-i—x(r))]dr}dw(p,o)x}dX. (4.8)

The formula obtained for Z appears at first glance to be
comparatively complicated, but nevertheless on solving
some questions it turns out to be convenient and sig-
nificantly simplifies derivations.

In a number of cases, the system can be regarded as
classical in a first approximation, while quantum cor-
rections can be regarded as small additions to the
classical results; to this approach corresponds the
evaluation of Z with the aid of expanding this quantity
in a series of powers of # (analogous to the quasi-
classical approximation). If we proceed from formula
(4.8), then with this aim it is natural first of all to
make a change of variable (2)}/(m)*X =X, and then,

2 The quantities e7#%= in quantum statistics determine the
probabilities of finding the system in a state with energy E., so
that Z will enter into the mean value A of any physical quantity

A4 -
A=Z13, ApetEn,

where 4,, are matrix elements of 4. The connection of Z with
thermodynamic quantities is determined by the formula, —&T
XlogZ=F, where F is the free energy of the system (see [34]).
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in the formula so obtained,

3o
Z=% _w{ j;ﬁ;oexp[—j;ﬁ V(Xo+ Zi;h

Xx(r))dr]dw(ﬁmx}ng (4.9)

to make use of the expansion of the function

exp{ - fo . V[Xg—i—E::fx(f)]dr}

in a Taylor series in #%:

ol - (5o 2}

D pb
=tV — | g(r)dr-V'(Xo)e BV X0
(m)t Jy
B2 B B
+—‘ff x(r)x(e)drde - V'2(X,)
2mlJy Vo

8
_f x2(T)dT~V”(X0)]e—ﬁV(Xo)-*""' (4.10)

The zero-order term of this expansion after substitution
into (4.9) gives

(m) >
(27B) " f erranaXy,
T —

so that apart from a nonessential multiplicative factor?
we arrive at the statistical integral of classical statistics,

~

(4.11)

Zo= f | e BVXOgX,, (4.12)

All odd terms in (4.10) after substitution into (4.9)
drop out in view of (1.24’). Therefore, the succeeding
terms in the expansion of (4.10) give us a representation
for Z in the form of the series

m)}

(Zot+ W Zot+ 0 Ze+---); (413)

2B

moreover, each term of this series contains only
moments (1.26) of conditional Wiener measure d,, s, 0y%
and can be evaluated very simply. In particular, the

 In the formula for A, the constant factor in Z will be cancelled
in the numerator and denominator; in the formula for F, it gives
an unessential additive constant in the expression for the free
energy.
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second term of (4.13) in view of (1.25) gives
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1 © B8 B V ]
Zz=—[f V’Q(Xo)e—ﬁV(Xo)dXo,f f {f x(T)x(d)d*w(p,o)xlded—f V"(Xo)e—ﬂv(x”)dXo
MLV _p 0 0 cg;0 —o

1 o 7 7(8=0)
=—{ f V3 (Xo)e PV X0dX,-2 f f ——drdo—
LARETS R 0 Yo

28

2 0

g 8
—-— f V'2(Xo)e BV X0 g X g—
24m 1

— 2m

The further terms of the series (4.13) are evaluated in
slighly more difficult fashion (see reference [377]).

The results obtained here coincide with the results
already obtained at the beginning of the thirties by
Wigner and Kirkwood proceeding from Schrédinger’s
equation (see [347], Sec. 33); yet another elegant
derivation of these same results was recently put forth
by I. M. Khalatnikov [23b]. The method indicated
by us for obtaining these results with the aid of func-
tional integrals appears, however, to be substantially
simpler than all the others.

We note further that formula (4.8) for Z (in appli-
cation to significantly more complicated systems) was
applied by R. Feynman [1c]-[1d] to the problem of
the behavior of liquid helium at low temperatures.

Determination of the Smallest Characteristic
Value of Schridinger’s Equation

Functional integrals can be made use of also for the
evaluation of the lowest characteristic value of
Schrédinger’s equation (we note that applying the
“quasi-classical approximation” we on the other hand
obtained estimates for large characteristic values). Let

oY/ dt=Hy (4.15)

be such an equation in a system of units where =1
(for the time being we do not specify the form of the
operator H); then, an arbitrary solution of this equation
can be represented in the form

Y= Z n Cn?’ne_iE"‘y

where the E, are the characteristic values of the
operator H, and the ¢, are the corresponding charac-
teristic functions. In formula (4.16), it is comparatively
difficult to separate the lowest characteristic value from
_all the rest, but if we proceed from (4.15), to the cor-
responding equation of the “heat conduction type,”

oy/dt=—Hy, (4.17)

and notice that the characteristic values and functions
for (4.15) and (4.17) are identical and that the solution

(4.16)

B8
f V" (Xo)e BV X0dX = —
— 24m

X fo ﬁ[ fc ﬁ'oxz(‘r)d*w(p,o)xld‘r]

0 8 —
f V" (Xo)e 8V XX f @ T)drl
—0 0

28

3 ®
f V'3 Xo)e BV X0dX,; (4.14)
to (4.17) can be represented in the form
Y= Zn Crpat™En, (4-18)

then, it is clear that to find the lowest E, it is only
necessary to study the asymptotic behavior of the
solution (4.18) for large ¢. But (4.15) is transformed
into (4.17) by a change of ¢ into —it. By carrying out
the same transformation in formula (2.5), we find that
the solution to Eq. (4.17) will be given by a functional
integral over Wiener measure

Y= eSolto g, ¢ xyx,
Ct,.x

(4.19)

where So[ f,1] is that part of the classical action of the
system remaining after the evaluation of the integral
of the “kinetic energy” (the latter after the transfor-
mation ¢{— —4f in (2.5) immediately gives Wiener
measure). For the investigation of the asymptotic
behavior of this integral for large ¢ Feynman in the
work of reference [1e] applied the following method.
We choose in the role of an approximation to the func-
tional Sy some simple real functional S; whose integral
over Wiener measure can readily be evaluated (for
example, with the aid of the reduction to the solution
of some arbitrary well-studied differential equation).
We rewrite (4.19) in the form

¢=f e(s""sl’esldw(,,x)x. (419’)
Ct,X

Then this expression can be considered as some mean
of the functional eS—51, evaluated with a positive
“weight function” eS:. But in view of the general
inequality between the geometric mean and the arith-
metic mean (“Jensen’s inequality’), the mean value of
¢551 is never less than the exponential of the mean
value of Sp—.Sy; therefore, replacing So—S; in the
exponent in (4.19°) by the mean value (So—S1)w of
this functional over the measure e5[%d,x and then
removing e*So—S04v outside the functional integral sign,
we obtain an upper bound on the value of ¢, i.e.,
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(passing to the case of large #) the upper bound therefore
for E;. If the functional .S; contains in addition several
numerical parameters, then to obtain the best approxi-
mation to E; we must certainly solve a variational
problem—to choose the parameters in such a way that
the value obtained is the smallest.

In reference [1e] this method was applied to the
problem of the motion of an electron in a polar crystal
and led after several transformations to the inves-
tigation of the functional integral

e—lt—sl
j;‘xexp[ ff = x(s)ldtds]dw(t,x)x. (4.20)

In the role of “approximating functionals” S; in [1e]
are studied functionals of the form exp{— /" V[x(f)1d¢},
where either k/|x| or ka? is assumed for V(x). The
asymptotic form of integrals over Wiener measure of
exp[— SV (#)dt] for such V is naturally related to the
determination of the characteristic values of Schro-
dinger’s equat’on for an electron in a Coulomb field and
for a harmonic oscillator. The results obtained appear
to be very accurate; comparison with the exact value
for E, obtained by S. I. Pekar [35] for the case of very
large o shows that choosing for ¥ (x) the functional kx?
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and determining the value of the parameter % from the
solution of a variational problem we obtain E; with an
error of less than 39,

Perturbation Theory

We begin with an investigation of the simplest
problem of the motion of a particle in a potential field.
Let the potential V[x(r)] be represented in the form,

VLx(r) )= Vo[x(r) J+eVilx(r) ], (4.21)

where Vo[x(7)] is the “unperturbed” potential energy
for which the solution of Schrédinger’s equation is
known [equal, say, to ¢o(X,f)] while eV:(x) is a small
perturbation (e is a parameter of smallness). Then,
according to (2.3),

1 t T !
¢(X,¢;Xo,lo)=; j;o EXP(;L {Lo[x(7)]

f[ dx(r), (4.22)

=0

—eVa[x(r) ]}dr

where Lo[x(7)] is the unperturbed Lagrangeian. From
here, we easily obtain an expansion of the function ¢
in a series of powers of e:

gb(X,t;Xo,to)=—12\—7fexp{ fLo[x(r)]d-rHl——f Vilz(ry)Jdn

+211 g)z ft : ,: Vl[x('rl)]Vl[x(rg)]dnd'rz—I----}I:} dx(r)

'L'E © t
=Yo(X,t; Xo,lo) —jh" f f Yo(x1,71; Xojto) Vi(@)Wo(X 85 #1,71)dwad Ty
—0 Y10

i€
) [
and in general

® e\ "
V(X1 Xoyto) =vo(X,t; Xodo)+ 22 —;)
n=1

—00 T 00

leo(xn—l,'rn—l; xnaTﬂ)Vl(xn—-l) ot

This is the usual result of the nonstationary perturba-
tion theory of quantum mechanics.

The perturbation theory developed here has received
a particularly wide application in problems of quantum
field theory. We take as an example the same model of
Thirring of a quantum field theory which we studied on
page 59. Here the wave functional y[«(x)] is repre-
sented by formula (2.14’). This functional is given as an
integral of an exponential function in the exponent of
which is a biquadratic form in %(x). The evaluation of
such an integral presents a very great difficulty, and at
the present time there exist no general approaches to the

f Yo(x2,72; Xoybo) Va(®2)Wo(1,71; 22,72) Vi (21)

[

KXo X t; 21, 71)dx1d%edTidTe - - - (4.23)
t 71 Tn—1
f f .. f Yo(2n,7n; Xoylo) V()
o *o 0
Vile )W (X,t; a1, 71)dxdns- - -dxndridre - -dre. (4.23)

solution of this problem. However, if we consider the
term of the fourth order in the exponential to be small
and make use of the expansion of the wave functional
in a series of powers of A (we note that the parameter A
in our theory plays the role of an elementary charge),
then all terms of the resulting series will represent
functional integrals of the type of moments of a Gaus-
sian distribution which can be evaluated directly.2¢ It

# We do not concern ourselves here with complications con-
nected with the fact that in concrete evaluations very often
infinite expressions and divergent integrals appear which must

be treated by a special regularization; these complications have
a physical but not a mathematical origin.
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obvious that the last circumstance possesses a general

character and is not connected with the choice of a
special model of a quantum field theory. By their
nature, almost all investigations of a quantum field
theory published up to the present time are concerned
with the investigation of perturbation series which are
obtained in this way.?® For evaluating the terms of
these series a very unusual and interesting mathe-
matical technique has been developed in recent times
(the so called “Feynman diagrams”); however, we
cannot here go more deeply into these important but
not simple questions.
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The transport coefficients (diffusion constant, electrical conductivity, etc.) associated with irreversible
processes in an assembly of particles can be expressed as integrals over certain time relaxed correlation func-
tions between small numbers of variables of the assembly. The scattering of slow neutrons is also a measure
of time relaxed correlation functions.

Trreversibility is a consequence of the vanishing of the correlation coefficients as the relaxation time be-
comes infinite. On the other hand these coefficients have Poincaré cycles so that.any value which they take
on is repeated an infinite number of times. It is shown that, in the case of fluctuations of 0(N %) from zero
(N being the number of degrees of freedom), the period of Poincaré cycles is of the order of the mean period
of normal mode vibrations while for fluctuations of a magnitude independent of N the period is of the order
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of C¥ where C is a constant which is greater than 1.

The time relaxed correlation coefficients of a pair of particles separated by r lattice spacings decays as
£™/2, m being the number of dimensions of the assembly. The statistics of the decay of the momentum of a
particle from a preassigned initial value to its equipartition value are discussed.

1. INTRODUCTION

HIS year marks the 100th anniversary of the
publication of the great Maxwell paper® entitled
“Tlustrations of the Dynamical Theory of Gases.” The
Mazxwell velocity distribution was there first exhibited
and the elementary Maxwell theory of transport
processes of dilute gases there first presented. Maxwell’s
work was inspired by the now 101 year old paper of
Clausius? on transport coefficients.

In celebration of this important anniversary the
authors wish to make a small contribution to the de-
velopment of the theory of irreversibility in statistical
mechanics. A detailed analysis will be made of the
manner in which'irreversibility appears in the time de-
velopment of a small number of variables embedded in
an assembly of a large number of coupled harmonic
oscillators. Some of the results and ideas presented are
similar to those which appear in the works of van Hove?
and Prigogine* and his collaborators. While this manu-
script was in preparation, the authors received a copy
of a doctoral dissertation by Hemmer® which also con-
tains similar material. However, Hemmer’s analysis is
one dimensional and depends strongly on the analytical
characteristics of linear chains of coupled oscillators.
We have attempted to use rather general dynamical and
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17. C. Maxwell, Phil. Ma‘gl anuary, 1860).

2 R. Clausius, Pogg Ann. 105, 239 (1859).
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4 G. Klein and I. Prigogine, Physxca 19, 74, 89, 1053 (1953);
1. Prigogine and R. Bmgen, Physica 21, 299 Q1 55)

5P, C. Hemmer, ‘“Dynamic and stochastlc types of motion in
the linear chain,” Thesis, Trondheim, Norway, (1959).
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statistical arguments which are independent of the
dimensionality of the assembly under consideration.

At the turn of the century, certain sharp criticisms
of the work of Boltzmann and Gibbs were made by
Zermelo who claimed that a state of equilibrium of a
mechanical assembly could not exist and therefore that
statistical mechanics was nonsense. His argument was
based on the existence of Poincaré cycles in closed
dynamical assemblies. We shall now give a brief quali-
tative review of Zermelo’s remarks, a more detailed
proof being in Chandrasekhar’s® review of the theory of
stochastic processes.

Consider the total phase space available to an iso-
lated closed mechanical assembly of total energy E, and
fix attention on a subset of finite measure, or volume,
A(0) of the phase space. 4 (0) represents a set of phase
points assoclated with an ensemble of all assemblies
which satisfy some special conditions: for example, all
assemblies of N particles in the box (with perfectly
reflecting walls) given in Fig. 1(b), which can be con-
structed so that all particles are in the cube marked 4
at time =0 and the total energy is E. As time goes on,
the phase points which were originally in 4 (0) move
through phase space. The shape of the envelope changes,
but Liouville’s equation (the equation of continuity in
phase space) insures that the volume occupied by the

FiG. 1.

¢S, Chandrasekhar, Revs. Modern Phys, 15, 1 (1943).
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points originally in A4 (0) remains invariant. The tra-
jectory of a phase point never crosses itself or any other
trajectory in phase space (for otherwise the positions
and momenta of an assembly at a given time would not
yield a unique solution to the dynamical equations).
Hence, eventually the set A (¢) must return to be identi-
cal with 4 (0) and repeat its former course in a periodic
way. At worst, the entire space would have to be filled
with points generated by A(f) before the repetition
occurs. Since the entire phase space is finite and since
the invariant volume of A (¢) is nonvanishing, the space
eventually would be filled or a repetition of 4 (0) would
first occur. The length of time for a repetition is the
Poincaré recurrence time of the set 4(0).

The existence of Poincaré cycles implied to Zermelo
that no stationary equilibrium state was possible. On
the other hand, through the investigation of certain
probabilistic (nonmechanical) models, Ehrenfest and
Smoluchowski showed that the existence of an equi-
librium state with fluctuations need not be inconsistent
with Poincaré cycles and indeed that small fluctuations
from equilibrium should have small Poincaré cycles
while large fluctuations should have very long Poincaré
cycles.

Although the general discussion of Poincaré cycles of
an entire assembly is philosophically interesting, we
shall now exhibit several formulas which show that the
Poincaré cycles which are most relevant in the analysis
of typical experimental situations involve directly only
a small number of variables.

Time dependent correlations exist between individual
atoms even in an assembly at equilibrium. These can
be observed through the scattering of slow neutrons or
through certain magnetic resonance experiments. Van
Hove? has shown that the scattering cross section de-
pends only on a time relaxed pasr distribution function
which reflects the correlation of the position of two
particles at different times. Two particle spin correla-~
tions can also be investigated by scattering experiments.

If time dependent external forces are applied to an
assembly (electric or magnetic fields for example) or if
flows, temperature gradients, concentration gradients,
etc., are set up, the response of the assembly can be
described through the solution of hydrodynamic equa-
tions. These equations are derived from conservation
laws. The connection between the hydrodynamic equa-
tions and molecular dynamics is made through recently
derived formulas, which relate the transport coefficients
(diffusion constant, viscosity coefficients, electrical con-
ductivity, etc.) of the hydrodynamic equations to
averages over molecular motions. For example, the
self-diffusion constant is?™~®

1 @ 8
= trace f dr [ eomr (=) (Dd, (Dt
BnZ 0 :

1S, Nakajima, Progr. Theoret. Phys. 21, 948 (1958).

8 E. W. Montroll, Il Nuovo cimento (to be published).

*H. Mori, Phys. Rev. 112, 1829 (1938).

t Equations are numbered beginning with (1) in each section.
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where J, is the z component of the current operator,
J=3; pies/mi, (2

where p; is the momentum of the jth particle, ¢, its
charge, and m; its mass. Also Z is the partition function,
#n the number density and 8=1/kT. The operator J (-r)
is related to J(0) by the well-known formula,

J(T)=eiHr/h](0)e—in/h, (3)

where H is the Hamiltonian of the assembly The cur-

rent at an imaginary time (—iM;) is defined by an
application of (3)t

J(—i\m)=e ] (0)e

If (2) is substituted into (1), it can be shown (since all
particles are equivalent in a one component assembly)
that

kTv ® £
=— tracef d'rf 2 e irHIA
Zm? 0 0 7.k

X piueiTHIRg NP, o~ B=NH{)

kTv ®  pf
=—-~N tracef drf e-itHIA
Zm? 0 0

pd P“‘ei'rﬂlhe—)\ﬂplye— (B-)\)Hd)\

N(N—1)kTv * 8
+——————trace f drf e~irHIA
m:Z 0 0

X pl“eili ‘r/he—)\H?m‘e— (ﬁ*)\)Hd)\.

The first integral is merely an auto-correlation function
and the second a pair correlation function. Hence the
diffusion constant is a reflection of the direct correlation
of at most fwo particles. This is also true for the elec-
trical conductivity.’® The viscosity coefficient is ex-
pressible in terms of four particle time relaxed correla-
tions and the thermal conductivity six particle correla-
tions. Although the more exotic transport coefficients
such as thermal diffusion coefficient involve higher cor-
relations, all the measureable coefficients involve direct
correlations between very few variables. M. Green!! has
also derived formulas for the transport coefficients in
terms of correlations.

In summary, if we wish to examine the effect of
Poincaré cycles on observable quantities we need only
be concerned with the cycles associated with small
numbers of variables.

Fortunately, the complete dynamics of a set of
coupled harmonic oscillators can be exhibited in a
simple mathematical form. This paper is concerned with
the calculation of time dependent harmonic oscillator
correlation functions and the demonstration of how in
the limit of a large number of degrees of freedom Poin-

If an equation in another section is referred to, it will contain the
section number, for example, (1.1).

1 R, Kubo, J. Phys. Soc. (Ja an) 12, 570 (1957).

M. Green,]' Chem. Phys. 22, 398 (19 4),
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caré cycles behave in the manner observed by Ehrenfest
for special nonmechanical models.
It is well known from the theory of stochastic proc-

esses that the character of a stochastic process can be

deduced from auto or joint correlation functions of vari-
ables whose time development is' generated by the
process. We shall show that the momentum of a single
oscillator is generated by a Gaussian random process
when the oscillator is coupled properly to an infinite
set of other oscillators.

Before proceeding with the required analysis a few
relevant theorems on ergodic and stochastic functions
will be listed.

2. THEOREM ON ERGODIC FUNCTIONS

Consider a stationary stochastic process x(¢). Without
restricting the generality of the argument, we shall
assume that its average value is equal to zero,

E{x()}=0, ¢y

where E is the symbol for the mathematical expectation
or average value of x(f). Averages are determined from
an ensemble of observations. The process shall be nor-
malized in such a way that the dispersion is equal to

unity,
(2

The stationarity of the process implies that the correla-
tion function («* is complex conjugate of x)

p(7)=E{x(t+7)x*(1)} 3)

depends only on 7 and is an even function of 7. The
process x(¢) is called continuous if p(7) is continuous at
7=0; i.e., if

E{|z(®)[}=1.

p(0+)=1. @

Then p(7) is an everywhere continuous function of 7 as
follows from the inequality of Schwarz. Khinchine!? has
shown that the correlation function of a continuous
stationary process () may be represented as a Fourier-
Stieltjes integral,

p(r)= f ¢medF (@), 3)

where F(w), the spectrum of the process x(7), is a
never decreasing function of bounded variation. It
follows from (5) that

p(0)=F(w)—F(—)=1. (6)

On the other hand Cramer!® has shown that the sta-
tionary process x(¢) itself has a spectral representation

<]

w0 [ etay(o) G

1 A, 1, Khinchine, Math. Ann. 190, 604 (1934).
13 H. Cramer, Ack. Mat. Astr. Fys. 28B, No. 12 (1942).
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where the process y(w) has orthogonal increments, with
(see Appendix I)

E{|ly(®)—y(a)|}=F(5)—F (o). 8

From (5) and (7) the following results can be estab-
lished (see Appendix IT)

1 T
tim [ «a=y0t-30-) @

li —1 ’ dr=F(0+)—F(0—
im- j; p(r)dr=F(0+) 0-)
=E{|y(0+)—y(0—)[%}.

The result (9) expresses the so-called “law of large
numbers” for the stationary process x(f). In deriving
(10) we have employed (8). ‘

The following theorem follows immediately from (9)
and (10):

Theorem: If p(r)— 0 as 7— « the function x(¢) is
ergodic. Indeed if p(7) — 0 as r— o then from (10)

E{|y(04+)—y(0-)[*}=0, (11)

and consequently from (9), for almost all initial condi-
tions of the representative ensemble,

(10)

T
lim — | «(8)di=0.
T—ew T f

(12)

This proves the ergodic nature of the function (f)
since now the time average (12) of x(¢) is equal, for
almost all initial conditions, to its ensemble average.

In statistical mechanics one is interested in the
ergodic nature of some function x{p(¢),q(¢)} depending
on the canonical momenta $(f) and coordinates g(¢) of
a conservative mechanical system. If in the preceding
discussion averages denoted by E represent averages
over a surface of constant energy in phase space (over
a micro-canonical ensemble), the foregoing theorem
states that the dynamical function x(p,q) is ergodic
when its phase correlation function p(7) (on the surface
of constant energy) tends to zero as {— <. In this
last form, the theorem is contained in Khinchine’s
monograph on the mathematical foundation of sta-
tistical mechanics.

3. DYNAMICS OF HARMONIC OSCILLATOR
ASSEMBLIES

Most of the analysis in this paper will be concerned
with harmonic oscillators coupled in periodic arrays.
For simplicity, we associate one degree of freedom with
each lattice point of an array. Generally, each atom in
a crystal has three degrees of freedom. However, it is
well known that the motions in the , y, and z direction

4 A, I. Khinchine, Statistical Mechanics (Dover Publicdtions,
New York, 1949).
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of the atoms in simple cubic lattices are independent
of each other.!>!® Hence the one degree of freedom model
would be applicable to a discussion of relaxation proc-
esses in such lattices. Motions in each direction would
be treated separately. Actually, most of the results
given in later sections can be generalized to other
Bravais lattices in which motions in all directions are
coupled.

We shall always discuss linear chains, square lattices,
and simple cubic lattices by applying the Born-Karman
periodic boundary conditions. The normal mode fre-
quencies of an N=M", n-dimensional lattice are 816

n 2rk;
ma)2=2 Z ’Yj(l—COS?) kj=1, 2, tety M

=1

=4 Y v; sintrk;/ M, 1)
- :

where v is the force constant in various directions and
m is the mass of each particle. In an isotropic 3D
lattice, v1 can be chosen to be the central force constant
and vs:=+v; the noncentral force constants (with
YI>Y2=73).

The frequency spectra!® or normal mode distribution
functions (as N — «) associated with (1) are sketched
in Fig. 2(a). Here g(w)dw is the fraction of frequencies
between » and (w+dw), while wy is the largest fre-
quency. When »=1 (linear lattice)

glw)=2/m(wr =)} me =4y (2
When z=2 (square lattice) with v1>7s,
r 4o
m e (wl+wld—o?)

Wiwa
XK( ) w2 <w?<w
g(w) =+ [w2 (w12+w22— 2)]% (3)
4o . ([wz(w12+w22—w2)]*)
s wiw2
P<w?t; wl<w?<wi?
where
mwl=4y), mwlt=4y, and m?=4(yi+7v2) (4)

and K (k) is the complete elliptic integral of the second
kind.

The 3D spectrum is sketched in Fig. 2(c). No simple
formula exists in terms of standard functions. However,

(1;‘5\1—51). B. Rosenstock and G. F. Newell, J. Chem. Phys. 21, 1607
BE, W. Montroll, Proc. Third Berkeley Symposium on Math.
Stat. and Prob. 3, 209 (1957).

@ 9(‘*’)
w
FiG. 2. Schematic ®) §{w)
frequency spectra of
simple cubic lattice.
L }
Wy w2
w

o 9«

1 [} [T}

w w, W,
lwlw 374

singularities exist at points wy, - - -, w4, and wz, where
moP=4y, mog=4y,
mw=4(vs+7vs) mwl=4(y1+7vs) (5)
mol=4(yi+vetvs) i>ve>vs

The asymptotic form near w=0, wz, and w; (j=1, - - -, 4)
is summarized in

- m*
glw)=———{u(w)— (or—uH)}}’/w
‘11’2(’)’1‘)’2‘}’3)i ' '
0<w<w: (6a)
wmti(w)
glw)=——— wi<w<w: and wz<w<ws (6b)
‘ T (vryzvs)?
wmi 1 (0 —w2)Hw—w?)?
glw)= #(w)—— }
w2 (yryeva)? 2 (w—w?)}
we<w<ws (6c)
@ =) (i
glw)= Ulw)— (W' —w _—
w2 (vryeys)? ! wi?
wi<w<wr. (6d)
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Here #(w) is a continuous function of w with continuous
derivatives.

The Hamiltonian of our “one degree of freedom per
lattice point” model is

1 ~
H=—73 [p;|>+2 50:4 aqs*, (7
2m =1

where p, is the momentum of the jth particle and g;
its displacement from its equilibrium position. The 4 j
matrix depends on force constants and dimensionality
of the lattice. Although the p’s and ¢’s are real, it is
convenient in the case of periodic boundary conditions
to use complex normal coordinates.

By transforming to normal coordinates {P;} and
{Qx} through

pi=2_k CitPs (8a)
gi=2_k CitQhs, (8b)
one obtains a new Hamiltonian,
N /s1
a3z (CIppmeriol), O
=1\m

where w; is the jth normal mode frequency and the
matrix C= (Cj) satisfying

2. CaCii*=4;1. (10)

The variation of the normal mode Qx’s and P;’s with
time is obtained by solving the equations of motion,

mQytwilQ=0. (11)
One finds
Q1 ()= (P4(0)/mw;) sintwr+Qi(0) costw,  (12)
Py(t)=P;(0) costwr—mwiQ:(0) sinkoy. (13)
The momentum of the jth particle at time ¢ is
25O =2k ainpr(0)+2x 5201 (0), (14
where
aik=2s C;sCrs* COSlws, (15)
bjp=—Cjpmuw, siniwy. (16)
The orthogonality condition (10) implies that
> i ii= 21 COStwy. an
It also implies that
2i{ | @] 24 (meor) 2 b3 |7} = 1. (18)

In an n-dimensional simple cubic lattice the Cj’s
have the form

Cir= exp2ri(} joka)/M, (19)
=]

M’n/2

where j and %k are to be interpreted as vectors with
components {j,} and {&.}. Each % and j runs through
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the integers
ja=1, 2,3,--, M,

Ba=1,2,3, -+, M.

It is sometimes convenient to transform to normal
coordinates through an orthogonal transformation

(59 =2% Uin(P1,0s) (20)
such that
225 UnUji=8u. (21)
The diagonalized Hamiltonian is then
Ngs1
H=33 -—P,"-I—mw,-"’Qﬁ). (22)
=1\ m

Equation (14) is still valid, but the coefficients a;; and
bjx are now defined by

aj1=2s UjsUp, costw, (23)
b= — U jxmey, sinfwg. (24)

The analog of (18) is
2ifapdt (mwy) 22 =1. (25)

4. CLASSICAL STATISTICS OF HARMONIC
OSCILLATOR ASSEMBLIES

The time relaxed correlation function between two
particles separated by a lattice vector 7 in an assembly
of N=M?" oscillators is

PN (f,f) =FN(t7r)/FN (0)0); (1)

where [using periodic boundary conditions and Egs.
(3.10) and (3.13)]

Fy(tn)=3E{posr)p:*(0)+0:(Dpe1*(0)}  (2)
=3E{3 5, 1(Cotr4Cs, ¥+ Cos 4kCopr.i™)

X [Pk (0) costw,,—mw;,Qk (0) sintw;,]Pl* (0)} . (3)
If, as is the case in an initially canonical or microcanoni-
cal ensemble, a particle has the same probability of

possessing a momentum p as —p, and if initially equi-
partition exists,

E{Pk (0>Pl*(0)} ='ka5kz, (4)
E{Qx(0)P*(0)} =0 )

so that, by use of (3.19),
Faltr) kaZ 2nr-k 6

)= fw
N M"kCOSMCOSk (6)
and
1 2rrr-k

px(t,r) =;[—'-' Zk: coS coslwg. @)

In particular, the autocorrelation function of any
oscillator is found by setting r=0,

pn ()=M~" 3}, costwy. 8)
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The remainder of this section is devoted to general
remarks about the autocorrelation function. The prop-
erties of the joint correlation function in the limit as
N — o are discussed in Sec. 5. The summation extends
over all normal mode frequencies {w;}. The only
statistical hypothesis made in the derivation of (8)
concerns the nature of the ensemble at time ¢=0.
Dynamics relates the properties at time ¢ to those at
t=0. Note that (8) is valid in both the initial micro-
canonical and canonical ensembles.

Various remarks can be made about px(f) without
employing detailed information about the «’s but only
by using statistical properties of the set {w;}. First,
if the w:’s are distinct,

In(®) =‘Z‘, co‘stwk 9
=1

is almost periodic so that any value which is achieved
once will be achieved an infinite number of times. The
average frequency with which any value of such a sum
of cosines will be achieved has been calculated by Kac!?
(a shortened proof for physicists is given in Appendix
III).

Let Nar(g) be the number of zeros of (fx(t)—¢) in
the interval AT. Then the mean frequency for the
achievement of ¢ by fx(t) is

1
L(g)= lim Z“T‘NAT((I)- (10)
For large N Kac has shown that
2
L(bN*)~—wo exp(—3b%), (11)
where
1~
wo2=— Z wkz. (12)
N =1
The formula being valid if as N — «
1~
lim — 4=0. 13
N—o N2 El @ ( )

On the other hand, N. B. Slater!® has shown that when
(N—gq) is small and N is large

Niw N—g dv-D
" ( q) . (14a)

L(q)~27rI‘( N+2)\ 2

Appliéa,tion of Stirling’s theorem and the introduction
of the parameter a (with 0<a<1)

a=(g—1)/(N—1)~(¢/N)

1 M, Kac, Am. J. Math. 65, 609 (1943).
18 N, B. Slater, Proc. Cambridge Phil. Soc. 35, 56 (1939).

(14b)

bNZ

F16. 3. Schematic autocorrelation function of momentum of
particle in a simple cubic lattice.

yields

L(q)~-°"—°(1 “)*(N—DAJL(aN). (140)

2\ 7e

If equilibrium is to be established as ¢t — <, p(¢) and
#(0) must become independent so that px(#) — 0. On
the other hand if N is finite but large, we know that
Poincaré cycles exist, and therefore whatever value of
o (?) is achieved at some time is achieved over and over
again. The passage of px(¢) — 0 and at the same time
the existence of Poincaré cycles can be reconciled in
the following manner:

First let N be very large and consider a value of
on(®)=(1/N)fy(t) in the range (—bN—% bN—}) where
b is of 0(1) and independent of N. From Eq. (11) the
frequency of a Poincaré cycle is

(2wo/) exp(—3%).

On the other hand, consider a value of 0 <a<1 which
is independent of N. Then the mean time between
repetitions of a value (Fig. 3) of fx(f)=alN or of px (¥

=q is (from 14c¢)
2k ( )mv—n

Hence as N — « the period of Poincaré cycles becomes
enormously large for values of px () outside the “fluctua-
tion range” -=dN* but are of the order of the reciprocal
of the root mean square natural frequency wo of an
assembly for values of px(f) inside the fluctuation range.
As N — o the fluctuation range approaches zero so
that a true equilibrium situation develops with px(?)
approaching zero as { — .

The function py(f) is that associated with either a

(15)

(16)

. canonical or microcanonical ensemble and the mean

recurrence times are also associated with the ensembles.
As in the case of equilibrium statistical mechanics, one
can show that fluctuations from the average ensemble
behavior become small as the number of degrees of
freedom N becomes large. This will be discussed
elsewhere.
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Let us now consider the statistics of the momentum
of a particle which is known to have the momentum
£;(0) at time =0 while all other (2¥—1) variables
required to describe the assembly are distributed ini-
tially according to a microcanonical distribution such
that the total energy of the assembly is & Then
(3.22) yields

1 N 1
Y —p2(0)+ 2 3mwQi?(0)=R:=E——p7(0). (17)
k=i 2m k=1 2m

Now .
pi()—aiip;(0)= ’g'aﬂc?k(o)‘*'zk: bixQ:(0), (18)

where in an assembly with periodic boundary conditions
we apply (3.17) (3.19), and (3.18) to find

1
a;i=2, CiiCss* costw.,=~A—7 Y costw,

=pn(f). (19)
The mean value (18) when averaged over (17) vanishes
because $.(0) and Q(0) have the same probability of
achieving positive and negative values of the same
absolute value.

The distribution function of

Y (0)=p;(0)—£;(0)on ()

is the same as that of the right hand side of (18). We
now find this distribution when every value of the set
of pi’s and Qx(0)’s consistent with (17) is given equal
weight.

To this end we find the distribution function of

(20)

V=3 ;%5 (21)

when the #;’s are distributed uniformly on the ellipsoid

El Brxi=R2 (22)

The various a’s and 8’s are to be identified with the
parameters of (17) and (18). Our required distribution
function is the fourier transform of the characteristic
function f(a)/f(0), where

f(a)=f---fexp(iaz}:,a,-xj)dxl---dxn.

Z Brxit =R?

Let x2=y%/8; and v;=a;/B;* and convert the resulting
spherically restricted integral (over 3 v=R?) f(a) to
an unrestricted integral through the introduction of the

23)

Fourier integral representation of the 8 function,
1 [

s&—T 3= [ expiB(R~1 ydds
T 0

b 2 o0
=EXPT<T€Z L exp (8K
Xexp{— (b+i8) 2_ yi*}dB,

where b is any positive number.
Then, if we let a?2=3_ 7,2,

(24)

o0

eteariyi

ebR’ LY n
— eiﬁR’dB H
27"(61 °r 'ﬁn)}f—w =1V _y

Xexp{ —y2(b+18) }dy;

fla)=

w2 expbR?
_T f 48 exp{iBRi—o?0*/4(b-+iB)}

221 B ,
X (b+ig)—""

"2 2R\ (»/2)—1
=————( —‘) J(n/z)_1 (aaR).
[s708

(25)
(B - -Ba)?

. One finds after employing the power series expansion
for the Bessel function J,(x)

,n.n/2 RZ (3n~1)

B+ -Bu)} Gn—1)!

f(0)= (26)
so that

@)/ f(0)= (3n—1)1(2/Rac)*J (ny2—1(aoR)
=1— (%R 2n)+ - -,

where the kth term in the expansion is, as # — o,
(=DkaR)™
2% (n/2)[(n/2)~1]- - -[(n/2)+ (k—1)]
(_ l)ka2kR2k

2knkp B

Hence,
lim f(a)//(0) = exp(— 3o’ Ron ). (27)
The distribution function of ¥ is, as # — o,
1 ]
F(Y) =§_f e~ia¥ exp(—a%?Rn")da
MY o
1 n 28)
=—————exp— . (28
oR(2x/n)} 26*R?

The values of ax of (21) which correspond to the co-
efficients of $.(0) of (18) are @, while those which are
associated with the Qx(0)’s are b;z. The 8:’s of (22) are
similarly (2m)~! and imw,?, the coefficients respectively
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of $2(0) and Q;2(0) of 17. Then the y,r=ai8x¥'s are

(2m)la, and b/ (Amwid)t,
so that

o= v#
=2m 3k a2+ 20k bin®/ (3men®) —2ma;?. (29)

The last term is subtracted because the term with k=
is not included in (17) and (18). In view of (3.25) and

(19)
o?=2m(1—a;)=2m{1—[on (1) }}}.
Also, from (17),

(30)

1
Re=g——p2(0). (31)
2m

Since the total energy 8 is 3(2N—1)kT, as N — =,
R=NkT, (32)

and the » of (28) is (2N—1).

If the ¥ of (28) is associated with (18), and therefore
with (20), the distribution function of Y (£)=2p;()
—$i(0)px(¢) is, when N is large,

Py[pi(t)| :(0)]={2emkT[1—pn ()]} }
_ [Pj(t)—ﬁj(O)PN(t)jz} 33)
2mkT{1—ox() I} )

This function is just the probability for a transition
9i(0) — p;(#) in the time ¢. It is not surprising that the
distribution is Gaussian because as N — « the vari-
ables x; in (21) become independent so that the central
limit theorem is applicable.

We shall show below that as N— e« and {— o,
pn(¢) — 0. However, before proceeding with the proof
of this fact let us investigate some of its consequences.

As t— o P,[p;(t)|$;(0)] approaches an equili-
librium Maxwellian distribution independently of $;(0).
The manner in which the kinetic energy achieves its
equipartition value is observed by considering

exp

El 20 = Bl 10— 50 (0
[;;p,()}— {57;[1»0 " mm}
1
+2p,-<o>pn<t>Emtpja)—p,-(omun}

1
+—p2(0)pn(DE(1}, (34)
2m

where the average is to be taken over the distribution
(33). The first expectation value on the right (34) is
just the dispersion of the distribution function (33)

$#*T{1—Lon ()},

the second vanishes, and E{1}=1. Hence the expecta-
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tion value of the kinetic energy is
(1 1
B0 | =T (1= Lo OO ()
2m 2m

as t — o this approaches the equipartition value &7,
while as ¢ — 0 it approaches p2(0)/2m, since py(f) — 1
as t—0.

As a further consequence of the fact that p(r) — 0
as 7 — oo, we may apply the theorem quoted in Sec. 2
to conclude that p,(¢) is ergodic; i.e., that for almost all
initial conditions

1 T
fim— f pi(idi=E{$;(0)} =0,

the expectation value being taken over an initial canon-
ical or microcanonical ensemble.
It also can be shown after some calculation that

E{ (?12 (t) - 80) (PJ“2 (O) - 80) }
E{[$/(0)—&]}*
&o=E{p7(0)}.
Hence, as N — «, §=mkT and

lim R.,(1)=0.

= [:PN (t)]Z’

Thus p#(2) is also ergodic so that
1 T
lim — f p2(D)di=E{$(0)} =mkT.
T—® T 0

One can finally show that the Gaussian character of
P.[;(t)|$;(0)] implies that any function which de-
pends only on p; and whose phase average exists is
ergodic. Ergodicity does not appear as a general dy-
namical property of an assembly but as a property of a
special class of functions of a small number of variables
in an assembly composed of a large number of coupled
degrees of freedom.

The average time that our oscillator spends in a
specified momentum range can be obtained from a dis-
cussion of the function

if b
D(p(t);a,b>={1 Ha<p)<

0 otherwise.

The fraction of time fq spent by the jth oscillator in
the momentum range

) a<pi(t)<b
18

1 T
o=t [ 205008

Since the function D is ergodic in the limit as N — o,
fab can, for almost all initial conditions, be calculated
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from an initial ensemble average as well as from the
time average. An initial canonical ensemble yields

farm f dpD(p; 0,b) exp(— 126/ 2m)

(zka)*
=mf I,
LE a

We thus see that for almost all initial conditions a
single system will in a long time interval, spend most
of the time within the ‘“fluctuation region” of the
momentum p;, and spend only a small fraction of time
in “improbable states” for which p7(¢)>>mkT. This also
implies that if a system is in such an improbable state
it will on the average rapidly decay towards the
“fluctuation region” [p2(t)=0(mkT)] and remain
there most of the time. Alternatively, we may say that
the mean recurrence time for states within the fluctua-
tion region will be small, whereas they will be very
large for improbable states. This illustrates the irre-
versible behavior of the momentum p;(f) in a single
system.

We note that all these conclusions hold for a single
system in the limit N — oo,

For finite but very large N, the behavior of p;(f) will
be practically the same.

The irreversible behavior of p;({) may be further
illustrated as follows: According to the Gaussian form
of P.[pi(t)|$i(0)], the probability that p;(¢) at time ¢
will differ from its conditional average p(£)$;(0) by an
amount much larger than (mkT)? is very small. Thus
there is a high probability for a single system to decay
close to the average path, in agreement with the macro-
scopic concept of irreversible behavior.

5. DETAILED CALCULATION OF MOMENTUM
CORRELATION FUNCTIONS

The one dimensional correlation function is found by
combining (4.7) with (3.1) when #=1. Then

1w~ 2wrk ( wk

t,r)=— 2 cos— cos in— 1
pw (1) NkZﬂZI 7 sin— (1

with
r=lwy, and wL=2(7/m). (2)

In the limit as N — « let8==k/N and ddé==/N. Then

1 T
on{tr)~— f cos2rd cos(r sing)dd
0

™

2 /2
=— f cos2rd cos(r sind)dd=TJ,.(7), (3)
o

the Bessel function of order 2r. The exact calculation
of px(,7) is given in Appendix IV for arbitrary N.
It is merely a fortunate accident that px(¢,#) has such

a simple form in the one dimensional lattice. In prepara-
tion for the 2D and 3D calculation of px(£,0)=pn(¢)
we rewrite

_1 wL dw 4
()= T costay~ f costo g(@)des,  (4)

where g(w)dw is the fraction of circular frequencies be-
tween w and w+dw. In the one-dimensional lattice,

g(w)=(2/m) (wr*—u?)~ (5a)
Thenas N — o
2 poL coslwdw
pN(t)’\';l m=]o(T). (Sb)
As 7 — o [we henceforth write p(7)=p.(7)],
o(r)~(2/x7)tsinr. (6)

The value of the wo which appears in the Poincaré
cycle formulas (4.15) and (4.16) is, in the n-dimen-
sional case,

i sin?(wk;/M).

w02=
mM?® i ki

4 ™ 2
~— Ty sitads==%;
0 m

mr 7
=3w;l (7

The short time behavmr of p(¢) is found from the
expansion

on()= —Zcostw,fvl Pus/2 !ty /41— - -

=1

, (8a)
where

(8b)

For a 2D lattice of N? lattice points,

‘7l']2
Mor= 71 SIn2—+'Yz 51112;{—

mEN? i1, n=1

22k
= f f('Yl sin? ¢l+')’2 Sin2¢z)kdga1dgo2

7I'2mk o

2% & Blydyb—ir] pr
= Z —“’—{ —f Sin2l¢1ds01]
mt =0 (k=D (7

1 x
X { - f sin?®D pad oy }
Yo

1k yilyd=tk (20 1(2[E—I])!

Tt Eol!(k—l)!l!l!(k—l)l(k—l) r @
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The first few u’s are

1‘2/2 = ('Yl+‘Y2)/"H M4/4 = [%(’712‘*—722)'{‘%7172]/7”2

1 1
pe/61= [-(’7134-')'23)+—7172(’Y1+’Y2)]/m3- (10)
36 20

As is well known in the theory of the asymptotic
behavior of Fourier integrals, the asymptotic form of
(4) for large ¢ depends on the singularities of g(w). As is
shown in Appendix IV, the discontinuity of g(w) at the
end of a two-dimensional frequency spectrum yields,
ast— o,

2wz sinfwy,
p)~——y
1rtw1w2

(11a)

where
(11b)

In a 3D simple cubic lattice of N3 lattice points,

mw?=4y; and mw?t=4y,.

2k M T T2 T3\ ¢
> ('yl sin>—1; sin®>—--v; sin’ —) .
M M M

MEN? jrjaiz=1

M2k =

(12)
The first few u’s are
o/ 2= (y1tv2tvs)/m;
ue/4!=[F (v +v+rH) 3 (vrvetyevstysy) I/ m?

1
F6/6!= [—(713+723+'Y33)
36

1
+%(‘71722+72732+72712+73722)

1
+—'ywm] / ms,
15

The long time behavior of p(f) is a consequence of
the four internal and one end singularity of the g(w)
function which is plotted in Fig. 2(c).

The three-dimensional correlation function (4.7) is
in the limit N — o«

p(t,f)=$ f _{ f cos(r- o) cosLtw(e) e

=i LI +I(t, —r)I+cc}, (13)

where

1 27
)= f { f expilo-rHo(o)]Pe. (14)

When ¢ is very large this integral can be calculated by
the method of stationary phase. The main contribution
comes from the neighborhood of the stationary or

critical points of w(¢) ; those points for which gradw(e)
=0. These are of course the maxima, minima, and
saddle points of the surfaces w(¢)=const. The critical
points associated with the surfaces of constant fre-
quency were first discussed by van Hove."®

We suppose that in the neighborhood of a critical
point @,

3
w=wot (2mwo) ™ X eyl oi— ;i O
=1

+0(es— ;)3

where v, is a force constant and ¢ is =1 (all are —1
in the neighborhood of a maximum and two are of one
sign and one of the other in the neighborhood of a
saddle point). Then, after substituting (15) into (14),
we obtain the following contribution to I from the
region of ¢ space near the critical point of interest
(letting &= ¢;— ¢;®),

expil7- 0@+ i
(2m)?

(15)

I(ty)=

)(f- f expi[r f+ (t/ ZWO) Z EJ’ijJz:Idsf-
Now let
x;=E;(ty;/2mwe)t and  s;=r;(2mwo/ty;)h.

Then, as { — «,

2muo\ & expil 7+ 0@ +twy ]
6I(t,r)~( °) P ;
!

(yryz2va)?
Xﬁ exp(iejx?)dx;.
If e=+1, e
fm exp(iex?)dx=rt exp(ien/4).
Hence, -
SI (1)~ (2"“‘"’)l expilr eOtlootir X 6l - g
¢ (yrveva)?

The contribution to p(t,7) from the /th stationary
point is, as ¢ — 0,

me; $
p (L)~ (—t ) (yryzvs)?

Xcos(r- oP) cos(fwotin > ;). (17)

Hence the envelope of the correlation functions van-
ishesasttast— .

The values of ¢®, mw? and Y ¢ for the various
critical points, with the exception of the minimum at
(0,0,0) which contributes a term of 0(:~%) to p(t,r), are
listed in Table I. The point (x,r,7) is a maximum. It

B L. van Hove, Phys. Rev. 89, 1189 (1953).
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o mw® Z ¢
(wymyw) 4(vitv2tvs) -3
(0;0:7") 4'72 1
0,7,0) 4y, 1
(W,0,0) 471 1
(x,0,m) 4(yi+v2) -1
T,y 4(71+’Y3) -1
(Lt 4(vetvs) -1

yields the largest frequency mwi?=4(y1+v2+7vs). We
generally assume that y,>v.=+s. These critical points
were obtained from (3.1) when n=3. The total asymp-
totic expression for p(t,7) is

p(b) =3 pO(s1).

=1

(18)

Van Hove has made similar calculations in developing
the theory of the time relaxed pair distribution function
of crystals (see also Prigogine and Bingen?).
It is interesting to calculate p(f) for the Debye
spectrum,
3w¥/wr? w<wy
-] (19)
0 WS> WL,
Here

3 oL
p(t)=— f w? coswidw
wL3 0 .

3
=—3{2'r cos7+ (72—2) sinr}
.

with r=lw.; As { — o,
p(#)~ (3/wrt) sinw/t,

which is somewhat different from (18), being propor-
tional to £ rather than ¢~} This has also been ob-
served by Prigogine and Bingen.*

We close this section with an analysis of px(f) for
large but finite NV in a one dimensional assemble. We
use Eulers summation formula®

n<b

Y fm)=

n>b a

@)+ u(3)f(3)
b
— f(@yu(a)— f w(x)f (x)d,

which is valid when f(x) is continuous and has a con-
tinuous first derivative in the interval (a,b). Here

u(x)=[x]—x+3,
where [#] is the integral part of the number x (the
largest integer contained in x). In our problem =N
and ¢=0.

® c.f., T. V. Uspensky, Introduction to Mathematical Probability
(McGraw-Hill Book Company, Inc,, New York, 1937), p. 347,
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We have

1 » Tk 1 p¥ ™
— COST(Sin—) = f cosv-(sin—)dx
N k=1 N NYy N

r pV T ™
+— f u{x) cos— sin( T sin—)dx.
N2J, N N
If we let $=wx/N and apply Egs. (1) and (3), we find

pn(D)=J o(r)+% j; 1ru(Nz?/‘n-) cosd sin(7 sind)dd. (20)

Now |u(x)| <%, and the absolute values of sing and
cosp are <1. Hence, the integral component of py(f)
is <7w/2N. As long as 7N, pn(t) is well represented
by Jo(7). Actually it is still a good representation for
much larger 7 because when 7=0(N), sin(r sind) and
u(N3/7) oscillate and change sign very rapidly so that
the integral itself approaches zero as = or as N — o
unless as occasionally happens sign changes of #(N¢/x)
and sin(7 sind) cancel each others. It is just this occa-
sional proper phasing of these two functions which
leads to Poincaré cycles in py(¢) for values of pn(t) of
0(1). A complete expansion of (20) is given in Ap-
pendix V.

6. CALCULATION OF QUANTUM MECHANICAL
AUTOCORRELATION FUNCTION

The ensemble average of a dynamical operator B is
E{B}=traceBp, 1

where p is the density matrix associated with the en-
semble. If we wish to find the quantum mechanical
analog of the autocorrelation function (4.1) we must
then find

E{p;i(1)p;(0)} = trace{p;(t)p;(0)p}, (2)

where p is the density matrix associated with the appro-
priate ensemble. Since, H is the Hamiltonian of our
assembly,

pi(t)= e hp;(0)e— R, ©)

the only operators which require an ensemble averaging
are $;(0). If the assembly of interest belongs to a canoni-
cal ensemble at temperature T (with §=1/kT), the
density matrix is p=Z"! exp(—BH), Z being the parti-
tion function. Then, if we abbreviate p;=p;(0) and
employ periodic boundary conditions so that all par-
ticles are equivalent, we have

1
Fx(9) =3 2 E{$;(0)p;(0)}
1
= Zj: E{e"HIhp;(0)e#*HI%p;(0)}

=ﬁ Z trace{ei#¥hp,g—iHtihp ,—FHY  (4)
i
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As in the classical case, we transform to normal co-
ordinates to find

Fy()

1
=§—2 Z trace{e"m/” Z UjkPke_-”“/h Z Uj,,,P,,,e"ﬁK}
i k m

=—Z ?_: trace{e AP e~ HUA P, =BH 5" [ Uim}
m i

1
¥z Zk: trace{e'#!/AP e~ HYA P e—PH} (5)

(using 3.10). The following three identities:
exp(—sH);=exp(—sE);,

Pati(P) =X () f b (PP (PN P,
and
5 Ut (P W (P)=5(P'— P,
yield

1
Pyl =— f PP e F M (P (P
X(Z e G-4MEy*(P"W,(P)}d¥P VP, (6)

In view of the fact that the complete partition function
Z factors into N single normal mode partition functions
and that the wave functions factor into NV independent
wave function, we find, remembering that the energy
levels of the kth oscillator are %Awe(j+3) with §=0,
1,2---,

1
Fy(9) =; % Zyt ZZ exp{ —iwit(I— f) — Blhiwr(j+3)}

X G| Pel D Pelg), (7)
where (in a position representation)

'Plz)—ﬁfw W) pr()d 8)
(Jl —17 2] (xawz(x)x (

—o0

is the matrix element of the momentum operator
P=#i"19/9x. Here ¢;(x) is the /th harmonic oscillator
wave function. It is well known that

() meo)td gn/dx=—[} (n+1) Fonsa (%)
+ G ona(x). (9)

Substitution of this expression into (8) and application
of the orthonormality condition J ¢/*(x)ei(x)dx=148;
yields
(Flp1 D= (a/3) (me/R)t

X{—=G 0+, 01+ [371%5,-1}. (10)
The matrix element (I|p|) is obtained by interchang-
ing 7 and / in this formula. Substitution of these matrix

elements into (7) yields
mh

FN(t) =73 (wk/Zk)e‘m“"
2N &

X[eitwk+e6ﬁwke—itwk] Z ]‘e—;‘ﬂhwk_ (11)

=0
Since

% jorit=—(0/06) T,
= — (/)= et/ (1=

and since the harmonic oscillator partition function is
Z=-exp(—3kwB)/[1—exp(—#Bw)], we finally obtain

mh
Fy(t) =;V{Z wy, coth (3B%w) costwr
3
—i 2 wg sinkwg), (12)

which is complex, as is generally the case for quantum
mechanical correlation functions.
Now the required autocorrelation function is

on()=Fx(2)/Fn(0)
B {3« wi coth (3B%ws) costwr—1 2 wi sinfwy }
B Zk Wk coth(%ﬂﬁwk) ‘

It reduces to the classical form (4.8) as # — 0.
We hope to discuss quantum mechanical Poincaré
cycles at a later date.

(13)

APPENDIX I

Let y(w) and x(¢) be related in the manner described
in Eq. (2.7). Then

1 o v
y(b)—y(a)=5;Lx(t)dt£ eiotde.

Hence,

1
l}’(b)—y(a)[2=ﬁffx(t)x (#")d1dt

b
Xffe—i(wt-—w’t’)dwdw”

so that [in view of (2.1) and (2.5)]
E{|y(8)—y(a)|?}

® b
1
L[ fotm i [ [
47

b
1 0
=—f f f dF (o")dwde
4r J_, :
Xffe—i(t—t')(w—w")e“'(w"“’)dtdt'.
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Let 7=¢—1 and integrate first with respect to r. Then,

E{|y(®)—y(a)|*)

0 b b
=f dF(w”)f f dwdo's (w—w'")d (w—w').
Since both w and &’ are restricted to the same interval
(a,b),
) b
B30 =@ [ aP) [ 3o,

Now the integral over w is 1 if a<w” <b, and 0 other-
wise. Hence

E{|y(0)—y(a)|?}=F (6)—~F ().
In particular, as § — 0,

E{|y(wt8)—y(w— )|} =F(o+ 8)~ Flw— §) =dF ().

APPENDIX II
Let
1 if |¢<T
H(t>={
0 if [>T

Then H(?) has the fourier integral representation

1 posineT
)= f oty
Y o w

x(t)dt— hm —f x(t)dtf dw_____e—mT

Hence,

hm —
T TJ _

Now we employ the fourier integral representation (2.7)
of x(f) and interchange orders of integration. Then

1 p* sineT
lim — | do—— dy(u)f gmitlu—algy
Too 27 _» T

®  sinwl %
=lim f dw——T—f o(u—w)dy(u)
0 w —o0

T—w

* sinu

"ITI_I,I},, ——-dy(u) luﬂIl+Iz+13,
where, if we let h=T-0+8),
sinuT
(I,I5,I3)= (f f ——dy(u).
uT

Since |«T|<|T-%| in the interval (— 7—+®) T-0+8))
one can by choosing T sufficiently large make (sinut)/uT
as close to unity as is desired throughout the entire

1nterva1 Hence,

timt=1im [ () =5(04)=500-)

If y(u) is of bounded variation it is easy to show by
standard methods that lim(Z5+73)=0. Hence

T

limz—; -Tx(t)dt=y(0+)—y(0—).

APPENDIX III. STATISTICAL PROPERTIES OF
FUNCTIONS WHICH CAN BE EXPRESSED
AS FINITE FOURIER SERIES

We now derive the theorem of Kac concerning the
average number of times a function

z(t)= i a. cos(bwptar)
prr}

achieves a value ¢ in a time interval of a given length.
The a’s and w’s are postulated to be real and the
wy’s to be linearly independent.

The required mean frequency can be written as

Lig= ;i_rg;;;N r(9), (2)
where Nz(g) is the number of zeros of
F(t)=2()—q @)
in the interval —T<¢<T.

In the calculation of L(g) we use the Kronecker-Weyl
theorem® which allows one to replace time averages by
phase averages. Let a multiply periodic function
J®y, - - 82)=f@) be defined on an n-dimensional torus
on which each ¢; ranges from 0 to 2x. f)=f(") if
¢/=d," (mod2x) for all j. Finally, if

¥=lwjta; (4)

and the w;’s are linearly independent, i.e., if there exists
no set of integral m,’s (positive or negative) such that

Z W= 07 (5)

then one can prove the result of Weyl that

1 T
Z—-T-‘[_Tf[z?(t)]dt——)

<z7r>nfoh' ‘ f f@1: - -Bn)ddr---dd (6)

as T — o,

We now show that in the case of linearly inde-
pendent w;’s the Kronecker-Weyl theorem and some
delta function arguments lead immediately to a formula

2 H, Weyl, Am. J. Math. 60, 889 (1938).
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derived more rigorously by Kac,
1~ n
L@=— [ [r* cosat T 7a(lle)
272 k=1

—I;Il Tol|ax| [t +rent )} dadn.  (7)

 Let F(2) be a function of ¢ which is real for real values
of ¢. Let its zeros be at #;, &2 --. Then the number of
zeros in the interval (—T, T) is

T
f 5 8(t—t,)dt. )
7 7

Since complex roots occur in pairs, say at points a-+b
and a—ib the delta function sum which go with the
pair is

8([t—a]—1ib)+8([t—a]+ib)=constd([{—a P+ 5?)
and

f (1= gy I=0,

—

(since the [({—@)?+3*] cannot vanish for any real
value of £). Hence, as we would expect, complex roots
never contribute to (8).

The well-known delta function formula

8(t—1t;)
F()=2.
i IF' J)I

[the /s being the zeros of F(f)] implies that (8) is
equivalent to

Then, if we employ the Fourier integral representation
of 8| F()|, and interchange orders of integration, (2)
becomes

Lg)= hm ———ff IF’(t)lexpzaF(t)dtda (10)

f (PP ()

Finally, the formula

1 p*1—cosnu
= [

TV~ '72

yields
"}ﬁnm pors f f f B 7 2dnde{1—cos[4F' (1) ]}
Xexp[iaF () Jdide

1 0
- f f U (@,0)— 30 (a)—3U (a, —n)) dndes

where
U (e,8) = E{expil aF ()+8F' (1) ]}

This characteristic function is readily obtained for
our special case F(f)=x()—q since the Kronecker-Weyl
theorem allows us to replace time averages by averages
over our ¢ torus. Then

(12)

27

n 1
U(a,8) = (expiag) [T —

=12,

X expilaa; cost;— Baw; sind; Jdd;
= (expiag) H Jo[|aj| (+Fwf)t]. (13)

Substitution of (13) and (12) into (11) gives us the
Kac formula (7).

Consider the special case a;=as="--=a=1. Since
Jo(z)={1—(32)*+3-3(32)4— -}
={1-3-3(G2'+0(z} exp— (32 (14)

is peaked at =0, the product (13) of Bessel functions
(14) becomes even more peaked in the limit as #— .
Then (13) becomes

U (a,8)=expliag— (n/4) (a®+B'w") ]

1
x|1-= £ @rpupps-,
64
where

1
wt=—Y wh
”n
Now let g=bn}, ant=2x, yn*=1y, and let n — . Then, if

lim— 3 wt=0.
n2

We have, as #— o,
L(bn*)~ifnf exp{ibx—ix?}
27* B

X (1—exp[—3yY’wet 1)y 2dxdy= (wo/m) exp—b?,

which has also been derived by Kac.

APPENDIX IV. AUTOCORRELATION FUNCTION
OF SQUARE LATTICE

The behavior of the autocorrelation function p(¢) as
t— o can be obtained from (5.4) by employing the
form (3.3) for the frequency spectrum (with y;>7s).
Logrithmic singularities exist at w=w;, and w=wz. If
we substitute (3.3) into (5.4), break up the integral
into three integrals of ranges (0,w1), (w1,w2), and (wa,wr),
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and integrate by parts we find

1
O llsff(l) p sinfwol g ([w’— 8] —g([w*+81%)]

1
- sintang (e~ ) —g Lo +61)]

1 WL
+; sinkorg([wi?— 8]} — f g (w) sintwdtl».
0

However, it is easy to show that, as § — 0,

g([wf—8])~

4
w22+é’ H~

w

4
K{L(1— 8wy %) (14+Ewi) 11}

4
=ﬂ2—K(1+%g[w1_2—w2‘2])

w1

w

so that as §— 0
g([wi— 1) —g([w— E]H) — 0.

Also
4
g ([w12—3]*)~2—K [A=8wi™) (148w )

W

K ([1+8ws2) (1—8ws ) )

4
=—K(1+}6[ort—wi7?])

w1

4
———K(1+38[wi " —wr )

w2

4
(Lot +81)~——K([(1+6ui) (1= )]

so that, as §— 0,

4
= K[1+18(r—wi),

1r’w2

(Lo = EP)—g([wr— &) — 0.

Then, since, as § — 0,

40)[, 2(.01',
g([w*— 8]~ K(0)= )
T Wi1Ww2 Twiwe
we have
2wy sinkey, 1 per
o(t =—————-f g’(w) sinwidi
miwiwe ¢ 0

~ (ZwL SintwL)/ﬂ'ko 1W2.

APPENDIX V

The correlation function,

) 1 5 2nr-k . )

pn(tyr)=——2_ COS coslwy, ;
Mn & M

has the property
pn (£,0)=6,0. (2)

It easily can be verified to satisfy the equation

&y
m——=3 yLion(ty - - i, )
ae i

—2on (k- -1je ) FonC 7o )] (3)
with boundary conditions,
pw(t, r+sM)=pn(4y7), 4)
where s is any vector with integral components.

One can easily verify that

oy (4r)= éw Jatrirmy (o) (3)

is the solution of (2), (3), and (4) when n=1 (linear

chain). Here J,(f) is the Bessel function of order a.

F1c. 4.

v Y
N3O N=z0

This result has a simple physical interpretation. The
point O correlates with 7 on an infinite lattice through
Jer(twr) (see Eq. 5.3). Hence, with our periodic bound-
ary conditions the correlation of point 0 (which we
identify with N) with 7 in a clockwise direction is also
Ja(fwr). In the counterclockwise direction, it is

Jow—n (lwr)=J o) (fwr).

It is also correlated through multicirculation paths
(see Fig. 4). The total correlation length in Fig. 4(b)
is (N+r) so that the term associated with this diagram
is

Jawvin (lr).

Finally, if one adds the contribution of all paths
(clockwise and counterclockwise) which encircle our
one dimensional lattice any number of times one merely
obtains (5). '
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